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Module 3A5 : Thermodynamics and Power Generation
THERMODYNAMICS

Solutionsto Examples Paper 2
(J.B. Young, October 2007)

a-phase Total volume of system ¢ =V, + Vj
B-phase System enclosed in rigid containerdd6= 0.
* At equilibrium, T, =Tz =T and p, =psz=p.
HEAT RESERVOIR Heat reservoir maintaink constant saT = 0.
Temperatured

Fromfi =u —Ts and Tds =du; + pdyv; (and alsaT = 0) :
df; =du, - Tds — sdT = - pdv; —sdT = — pdv; (1)
If there is a small transfer of mass from one phase tothies, T andV stay the same

butV, andV; (and hence the pressure) all change a little. The specific veluaieo
change (because they dependiandp via the equation of state for each phase).

The Helmholtz function of the whole systemFs= m,f, + mgz With T andV
constant, equilibrium corresponds to a minimum value sdb,
dF = m,df, + f,dm, + mgdf; + fzdmg =0
Using eq. (1),
dF = -pm,adv, + f,dm, - pmgdv, + fzdm, =0 (2)
The total volumeV = myv, + mpv is constant. Hence,
dv = m,dv, + v,dm, + mgzdv, + vgdm; =0 (3)
Multiplying eg. (3) byp and adding to eq. (2) gives,
dF = (f, +pv,)dm, + (fz+pvg)dmg; =0
Noting thatfi +pvi = g = we have,
dF = y,dm, + yzdmg =0
For an interphase transfer of mass keeping the total mass codistant;dm,. Thus,
dF = (Uy = Hp)dm, = 0

There is no restriction oim, so /4, = K at equilibrium.



2.  The Clausius-Clapeyron equation is,

dps _ b

dT VigT

We make the approximations,y >> v¢ and psvg = RT which are reasonable if the
temperature is much less than the critical temperature. Hence,

dT RT?

Integrating between states 1 and 2 on the saturation line asdugigigonstant gives,

l(p_&] . hﬁ(i _ i}
Pst R{TT T
For saturated steam with = 40°C = 313.15 K and; = 100°C = 373.15 K, takindxq =

2333.0 kJ/kg at 76C andR = 8.3143/18 = 0.462 kJ/kg K,

% 0 13.37 (Exact value is 13.73 from Steam Talidke Data Book)
St



3(a) Fromf=u-Ts and Tds=du + pdv, we have,

df =du-Tds-sdT = - pdv — sdT

(afj _ (af j _

ov )¢ AN

o =l )
ovoT aT ), dTov ov )¢

o

(b) Applying du=-pdv + Tds to changes along an isothermal,

(auj _ (asj
— =-p + Tl —
ov )¢ ov )¢

Using the Maxwell relation,

)0 2)
ov )¢ oT ),
This is a completely general thermodynamic relatwhich relates the volume

dependence of the internal energy togheT equation of state. For an ideal gas, we
have pv =RT and hence,

Hence,

() - F
oT ), Vv
Thus,
[@] =-p + E =0
ov ); v

So u=u(T) for an ideal gas. By definition,

- (&)
& oT ),

and hence, = c,(T) for an ideal gas. A special case of this,is constant.



C o) - Tl- v o Jis1
4(a) f = c(T-Ty) cTIn(Toj RTIn(VO_bj {v Voj

From the differential relationshigf = —pdv —sdT we have,

(afj -RT a
—_ p = - = + —
o)r  (v-b) V2

This is the van der Waals equation,

( p+v%j(v—b) = RT

(b) The specific entropy is given by,

of T cT v-b
-s=|—| =c-cInfl—| —-=— - RlIn
S = cln(l] + Rln( V_b]

The specific internal energy is given by,

u="Ff+Ts = c(T-Ty) - a(é —i]
v

Vo

Hence,

The specific heat capacity at constant volumevisrgby,
~(3)-
T ),
For a van der Waals fluid, is a constant but varies withv as well asl. Evidently,

u =0 ands = 0 whenT = Ty andv = vo. Hence T, Vo) is the arbitrary datum state for
u ands. It then follows thaf = 0 at [, Vo).

(c) By definition h = u+ pv. Hence,

_(oh) _ (0du ov B a(ov ov
Cp = | == = | — + p| — _c+—2— + pl—
T/, oT /), T/, valaT J, ot J,

We now know that = ¢, and so,

e (o036, = )
P& v N\ot), = v-b)laT ),
We can gel(av/aT)Io from thep-v-T equation of state but the algebra is rather messy

and the result is not very informative. Howeverenthatc, — ¢, # R for a van der
Waals fluid.




5.  The van der Waals equation of state is,
(p + %)(V—b) = RT
v

Differentiating to find the critical point conditis:

(G_F_’j - RT2+2—§:0 at T=Te, V=Ve.
v s W-b? v

, _
65 = 2RT3—6—?:0 at T=Tc, V=V¢.
v ). (@-b?® v

Solving these equations simultaneously gives,

b:\_/_c
3

According to the van der Waals equation, the ‘edetli molar volume is one third of the
molar volume at the critical point. Substituting fm andb in the equation of state and
setting p=pc, T=T; andv=V; gives the value of the compressibility factorre tritical
point,

7. = PVe -
RT,

3
8

Substituting the definitions of the reduced presstemperature and volume in the equation
of state gives,

a _ —
(pR Pc * W](VRVC -b) = RTRT.
VRV
Introducing the expressions farb andZc then gives the ‘universal’ form,

3
[pR +_2](WR -1) = 8T,
VR



6(a) The chemical equation is,

021Q + 079N - a0, + bN, + cNO

(b) Conservation of atomicO - 2a +c = 2x0.21 = 0.42 0]
Conservation ofatomicN - 2b +c = 2x0.79 = 1.58 (i)
No. of moles of products - a +b +c=n

Reaction 4 in the Data Book is,
-2NO + @ + N = O

The equilibrium constant is therefore defined by,

-2 +1 +1
K,o(T) = (pNo] (pozl Pn2
Po Po Po
wherepo = 1 bar. From the Data Book at 2000 KKp)= 7.824, givingKp = 2599.9.
Hence,

24999 = (a/n)(b/n) _ ab

(c/n)? 2

(iii)
We now have three equations for the three unkn@ayhsandc. Substituting (i) and
(ii) into (iii) gives,
_ (042-c) @58-¢)

2 2

24999¢?

Collecting terms,
99986¢? + 2¢ - 0.6636 = 0
The solution isc = 0.0080. From (i) and (iijp = 0.2060,b = 0.7860. Also,n = 1.0.
The mole fractions areXyo = 0.0080, Xo2 = 0.2060, X\, = 0.7860
(c) If the pressure were raised to 5 bar, the rfraldions would remain the same. This is

because, in the reaction, O+ N, « 2NO, the total number of moles does not
change. Hence, there is no effect of pressure.



7(a) With stoichiometric @ the chemical reaction is,

3CO + H+2Q - aHO + bCO, + cCO +d0O;

Conservation of atomicH - 1 = a 0]
Conservation of atomicC - 3 = b +c (i)
Conservation of atomicO - 7 = a +2b +c + 2d (iii)
No. of moles of products - n = a+b+c+d (iv)

If the pressure after combustiorpis the partial pressures are :
Y =2 p Pco2 = —P Pco = < p Poz = —P
H20 = P2 coz = P2 co = P2 02 = P2

Reaction 7 in the Data Bookis:—-CO - ¥2Q + CQ = 0

The equilibrium constant is therefore given by,

b -1 o -1/2 b +1
K. -(T,) = ( co] ( ﬁ] co2
Pri2 Po Po P,

wherepy = 1 bar (standard pressure) and= 2600 K. From the Data Book,

IN(Ky)) = 2.800 - Ky =16.445

Hence,

_ (b/n)
A @I (5, )

The combustion is at constant volume. If all spediehave as ideal gases,
pV = 6RT;
PV = nRT,

wherep; = 2 bar and’; = 400 K are the initial pressure and temperatdesce,

& = E&T_Z = Mn = 2166
Po 6Py T,  6x400

Substituting into the equilibrium equation we abta

b
cd

It is just chance that cancels out. We now have 5 equations for the fiowksa, b,
¢, d andn. The solution must be obtained iteratively and stnategy is as follows :

= = 16.445x (21667)°° = 24207 (v)



Combine (i), (ii) and (iii) to give,
c=2
b=3-2d
Substitute fob andc in (v) to give,

48414d%? = 3-2d

Starting with a value ad = 0 on the RHS, the iteration proceeds as follows :

d=0.0 - d=0.156591 - d=0.145494 . d=0.146294 -. d=0.146236
- d=0.146241 - d=0.146240 -~ d=0.146240

Hence,
a=10, b=2.70752, c=0.29248, d=0.14624, n=4.14624

The mole fractions are :

XHZO = 02412, Xco2 = 06530, XCO = 00705, on = 0.0353

The final pressure is p, = 2.166hpy, = 8.984 bar

(b) If the KO dissociation is very small, the mole fractionstloé major species will
hardly change. We therefore consider the chemupaédtgon,
3CO + H +2Q - aHO + bCO, + cCO +dO; +eH;
with a, b, c andd unchanged. Reaction5isH, - 2Q + HO = 0

The equilibrium constant is therefore given by,

b -1 0 -1/2 0 +1
K (T ) — ( HZJ ( 02] H20
Pov2 Po Po Po

wherepy = 1 bar and’; = 2600 K. From the Data Book,
IN(Kes) = 4.647 - Ky =104.27

Hence,

_ (a/n)
T e @I % (py Po) °°

As before, p,/p, = 2.1667n. Hence,

e a = 0.01697 - X, D% = 0.0041

104.7% (2.1667 *°xd %>

This is clearly very small and hence the approxentalculation is justified.



8(a) The dissociation of 1 mole of /s represented by,

a a
Al e (1_a) Al + EAZ + EAg

The total number of moles in the mixture = 1qd #me partial pressures are given by,

a a
= (1-a , = —p, = _
pp=@-a)p P2 = 5P Ps = 5P
The dissociation reaction is,
—Al + %Az + %A3 =0

so the equilibrium constant is given by,

_(M/Qﬂ%(%/Qﬂ%
K(T) =
(P./ Po)
Substituting the expressions for the partial press
(1-a) 2K +1

Hence, the mole fractions are,

1Ly, = Ky o K
2K +1 2K +1 2K +1

X, =

The molar enthalpy of the mixture is,

_ h + Khy +Khg
- (2K +1)

_ 3 _
h = > Xh
=

(b) The isobaric molar heat capacity is,

C = ﬁ = 1 ﬂ +
P oT ), (K+D|\aT ),

oh, oh; = e dK |
SRR <“2+“3>ﬁ]
p p
2(h + Khy + Khg) dK
(2K +1)? dT

The isobaric molar heat capacities for the indigidspecies are defined by,

~ oh, _ oh, _ oh,
p p p



Hence,

& = Cpr + KCpp + KTz (2h —hy — ) dK
P (2K +2) @K +1%  dT

We need to write this in terms A& which is the enthalpy change when 1 mole of
A; dissociates completely at temperatiire

_ _ 1-— 1-—
AH+ = -h + =h, + =
T hy 2 2 2h3

Thus,

5 = Cp + KCp + KCp3 N 20H dK
P (2K +1) (2K +1)2 dT

Introducing van’t Hoff's equation,

dT KdT RT?

We obtain finally,

Cp (2K +1) (2K +1)2

- - ~ — 2
_ Cpl+KCp2+KCp3 + 2KR A_HT
RT
The first term can be written,
Cpp + K(‘:pz + K6p3
(2K +1)

3 pr—
= zxicpi
i=1

This is the molar specific heat capacity of the tomi& in the absence of any chemical
reaction. The second term represents the effatieadissociation.

BecauseK > 0, the effect of the dissociation is always niereasec, and hence
decrease the final temperature.

10



