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Module 3A5: Thermodynamics and Power Generation

THERMODYNAMICS

Examples Paper 2

Discussion and Answers to Selected Questions

C.N. Markides

Conventions and Definitions

Sign Conventions:

The sign of energy, work and heat imparted on or extracted from a system simply depends on convention. Engineers, Chemists and Physicists often tend to use different conventions. Consider a bounded system:
· Fetter’s convention defines all energy added to the system (E) in the form of heat (Q) added or work done (W) on the system to be positive.

· Reif defines the work (W) done by the system to be a positive quantity. Here, we use the Reif convention.

Process Types:
Irreversibilities arise when quantities ‘flow’ down finite gradients, resulting in diffusive, ‘frictional’, or viscous losses. For example, heat is a scalar that flows down temperature gradients, but there might be mass, concentration or momentum gradients and the resulting flows are usually coupled. This means that a gradient in one of these quantities can lead to flows in all quantities. The steeper the causal gradients, and the faster the resulting ‘flows’, the greater the irreversibility. Diffusion of momentum is tied to viscosity and Newton’s Law of Viscosity, diffusion of heat (and temperature) to thermal conductivity and Fourier’s Law of Heat Conduction and diffusion of concentration to molecular diffusivity and Fick’s Law of Diffusion. The idea of reversibility is closely linked, but not identical, to the idea of quasi-equilibrium. All reversible processes are done slowly and in quasi-equilibrium. However, not all processes done in quasi-equilibrium are reversible.

· An irreversible process is one in which the final situation is such that the imposition or removal of constrains on this isolated system cannot restore the initial situation.
· If imposing or removing some constraints on the system enables it to restore to its initial situation, then the process is reversible.
Put simply, if you make a movie of the system and you run it in reverse and it looks plausible, then the system is reversible.

Laws of Thermodynamics:
A macroscopic treatment is assumed for all for laws.
· Zeroth Law. If two systems are in thermal equilibrium with a third system, they must also be in thermal equilibrium with each other. As the name points out, the law was an afterthought, formulated in the 1930s. It confirms that temperature is a valid quantity for comparing systems.
· First Law. The internal energy of an isolated (Q cannot flow) system is constant. If the system interacts, energy must be conserved by considering heat flow and work done. Using the Reif sign convention: dQ – dW = dE, where E is the internal energy of the system, Q is the heat absorbed by the system and W is work done by the system. Simplified forms also exist: (i) Adiabatic processes have Q = 0, -W = E, (ii) Constant volume (isochoric) processes have W = 0, Q = E, (iii) Closed cycles have E = 0, W = Q, and (iv) Free (not resisted) expansions have Q = W = 0, E = 0.
· Second Law. The entropy of a system is a state function that will always tend to increase due to irreversibilities. If the system is not isolated (Q can flow) and is undergoing a reversible process, the differential of entropy is a minimum and can be defined as dS = dQ/T. In macroscopic terms, the second law is closely related to the reversibility of a process, but in microscopic terms statistical mechanics shows that it is also linked to the ‘randomness’ present in the states. If the entropy of an entire isolated (Q = 0 cannot flow, adiabatic) system increases it is irreversible.
· Third Law. The entropy of a system has the limiting property that S → So in the limit of T → 0, where So is a constant independent of all parameters of the particular system.
On the Gibbs and Helmholtz Free Energies as functions of two independent properties, G = G(T, p) and F = F(T, v)
Four quantities called thermodynamic potentials are useful in the thermodynamics of chemical reactions and non-cyclic processes. They are the internal energy (U), the enthalpy (H), the Helmholtz free energy (F) and the Gibbs free energy (G). You will notice that each and every one of these thermodynamic potentials is expressed relative to an arbitrary datum. The choice of this datum (dead state), then, is irrelevant; what one is actually interested in are the changes in these thermodynamic potentials during some process, similar to gravitational potential energy for example.
The four potentials are related by offset terms describing the ‘expansion (displacement) work done’ (pV), and the ‘energy (heat) from the environment’ (TS). Schröder suggested the mnemonic diagram below that can help one keep track of the relationships between the four potentials.
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In modern use, we attach the term ‘free’ to Gibbs free energy or to Helmholtz free energy, to mean ‘available in the form of useful work’. With reference to the Gibbs free energy, we add the qualification that it is the energy free for non-volume (shaft) work (Wx). These statements will become easily apparent in the discussion that follows.
When considering small changes in the potentials, due to small changes in various properties, two terms appear in each of the offsets. From d(pV) we obtain pdV and Vdp, and from d(TS) we obtain TdS and SdT. We have seen pdV and TdS before; they are the displacement work done in a quasi-equilibrium (fully resisted) process and the heat transferred in a reversible process respectively. The remaining terms, namely Vdp and SdT, can also represent useful quantities. For instance, -Vdp equals the shaft work done in a flow process.
The Helmholtz free energy, or function, involves such quantities as internal energy, temperature and entropy. All these quantities are thermodynamic properties, which are “quantifiable macroscopic characteristics of a system, whose values define the thermodynamic state of the system”, such that the Helmholtz function is also a property. Note that, all thermodynamic properties relate somehow to the energy of a system. Internal energy, and by extension the Helmholtz function, are useful when dealing with (non-cyclic) thermodynamic processes. Such processes are usually considered through the treatment of a suitable closed system, which is “a specifically identified fixed mass of material separated from its surroundings by a real or imaginary boundary”. The ‘two-property rule’ requires that we choose any two independent properties as our independent variables, from which all other properties and hence the state of the system can be perfectly defined. Intuitively, the natural independent properties to choose are the temperature and the volume of the system.

The Helmholtz free energy is a thermodynamic potential relative to an arbitrary datum, which measures the useful work obtainable from a closed thermodynamic system undergoing a constant temperature (isothermal) thermodynamic process. Although this seems like a serious and inaccessible definition that you need to remember, in fact you can work it out easily from first principles. The first law in differential form for a closed system undergoing a general, arbitrary process is: dQ – dW = dU. The second law in differential form for a closed system undergoing a reversible process is dQ = TdS and hence dW = TdS – dU for such a process. For our system undergoing the process with dT = 0, we have d(TS) = TdS, so that dW = d(TS) – dU = -d(U – TS) = -dF. This expression says that the negative of the difference in the Helmholtz energy is equal to the maximum amount of work extractable from a system undergoing a thermodynamic process in which temperature is held constant. Under these conditions, the Helmholtz energy is minimized at equilibrium.

On the other hand, the Gibbs free energy, or function, is a thermodynamic potential relative to an arbitrary datum, which measures the useful shaft work obtainable from a thermodynamic system undergoing a constant temperature (isothermal) thermodynamic process. When a system evolves from a well-defined initial state to a well-defined final state, the change in the Gibbs free energy equals the work exchanged by the system with its surroundings, less the work of the pressure forces (displacement work), during a reversible transformation of the system from the same initial state to the same final state. The steady flow energy equation in differential form for a general, arbitrary process in which we can ignore kinetic and potential energy changes is: dQ – dWx = dH, where dWx = -Vdp. Hence, dQ – dWx = dH. The second law in differential form for a closed system undergoing a reversible process is dQ = TdS and hence dWx = TdS – dH for such a process. Additionally, for this system undergoing a process with dT = 0, we have d(TS) = TdS, so that dWx = d(TS) – dH = -d(H – TS) = -dG. Thus, the negative of the change in the Gibbs energy equals the maximum amount of shaft work extractable from a system undergoing a flow process in which the temperature is held constant. Under these conditions, the Gibbs energy is minimized at equilibrium.
The Gibbs free energy involves enthalpy rather than – in fact in place of – internal energy. Of course enthalpy and internal energy are related, through h = u + pv, or dh = du + pdv + vdp. However, enthalpy is the equivalent relevant quantity when considering steady (or even unsteady) flow processes. This is closely linked with the custom of approaching such processes by using the physical framework of drawing control surfaces enclosing control volumes, even though it is not the only, and arguably not always the best, way. Recall that: “a control volume is a region in space separated from its surroundings by a real or imaginary boundary, the control surface, across which mass may pass”. In flow processes, and given the establishment of a suitable control volume, equilibrium between the various phases can be considered when the natural variables of temperature (as before) and pressure remain constant.
Phase equilibrium relates to the conditions in which “a substance can exist in more than one physical state; that is, any combination of vapour, liquid and solid, and requires that the amount of a substance in any one phase not change with time”. In your lecture notes, you have already seen how the phase equilibrium requirement for the availability function can be derived from the condition that the Gibbs function of a system held at constant temperature and pressure is a minimum at equilibrium. We now consider how the phase equilibrium requirement for the availability function can be derived from the condition that the Helmholtz function of a system held at constant temperature and volume is a minimum at equilibrium.
1. Solution:
(a) STARTING POINT: By definition,


fi = ui – Tsi
(0)
GOAL: To prove that for a change at constant T,

dfi = -pdvi
Note that we are after a relationship involving fi, p and vi. We need to think of a way of replacing our starting variables ui, T and si with these variables. In addition, our goal involves changes of variables.

By considering small changes in Equation (0) to get the LHS of our goal relation,

dfi = dui – Tdsi – dTsi
For an isothermal process (T = constant, or dT = 0),


dfi = dui – Tdsi
(1)
Our goal requires that we end up with p and vi on the right hand side, when we only have ui, T and si. We consider ui first,


dui = Tdsi – pdvi
(2)
This comes from the First law in differential form,

dq – dw = dui
with the assumption that displacement work is done in fully-resisted quasi-equilibrium,

dw = pdvi
and the Second law, with the heat transfer done reversibly,

dq/T = dsi
Substitute Equation (2) into (1),

dfi = -pdvi (QED)

Now suppose we had not spotted the expansion of dui in terms of p and vi. Looking at Equation (2), we could have chosen to attempt to substitute dsi. From the Second law and for a reversible process, 


dsi = dq/T
(3)

We need to do something about dq. From the First law,

dq = dui + dw

For fully-resisted displacement work done in quasi-equilibrium (dw = pdvi),

dq = dui + pdvi
(4)

Substitute Equation (4) into (3),


Tdsi = dui + pdvi
(5)

We can substitute Equation (5) into (1),

dfi = -pdvi (QED)

(b) STARTING POINT: We are told that at equilibrium,

F = mafa + mbfb = constant
(0)

GOAL: To prove that for a change at constant T, constant V = mava + mbvb and constant m = ma + mb,

μa = μb

We must attempt to link F (in our starting point) to μ (in our goal).

Consider the definitions of each of these variables,


Fi = Ui – TSi = mifi = mi(ui – Tsi)
(1)

and,


μi = hi – Tsi
(2)

These appear similar, except for the ui and hi terms, which we know are themselves related. From the definition of hi,


hi = ui + pvi
(3)

Substituting Equation (3) into (2),


μi = ui + pvi – Tsi
(4)

And with reference to Equation (1),


μi = fi + pvi
(5)

Hence, our goal can be re-written with respect to our starting variables as,
fa + pva = fb + pvb
Note that we are after a relationship involving fi, p and vi.

We are told to consider a system at equilibrium, where changes to any quantity are zero. By considering small changes in Equation (0),


dF = madfa + fadma + mbdfb + fbdmb = 0
(6)
Also,

V = mava + mbvb = constant

dV = madva + vadma + mbdvb + vbdmb = 0
or,


madva + mbdvb = -vadma – vbdmb = 0
(7)

And,

m = ma + mb = constant

dm = dma + dmb = 0
or,


dmb = -dma
(8)

For an isothermal process from Question part 1(a) we have,


dfa = -pdva; dfb = -pdvb
(9)

(9) into (6):


-mapdva + fadma – mbpdvb + fbdmb = 0
(10)

(8) into (10):

-mapdva + fadma – mbpdvb – fbdma = 0
(11)

(7) into (11):

pvadma + fadma + pvbdmb – fbdma = 0
(12)

(8) and (12):

pvadma + fadma – pvbdma – fbdma = 0

The dma terms are non-zero and can be cancelled out to leave,

pva + fa – pvb – fb = 0

or,
fa + pva = fb + pvb, μa = μb (QED)

3. Solution:
(a) STARTING POINT: By definition the specific Helmholtz function is:


f = u – Ts
(0)
GOAL: To prove that,

(∂p/∂T)v = (∂s/∂v)T
Consider Equation (0). Since, u, T and s are all properties, so is f. The two property rule states that we can completely fix the state of the system, and hence all properties, once only two of them are known, such that,

f = f(T,v)

We choose T and v as the two relevant independent variables because we can see that our goal uses these two as the independent variables, as well as the properties that are kept constant, in the partial derivatives.

We also note that our goal includes such variables as p, T, s and v and we must find a link with the starting point.

Variations in f are given by,

df = du – Tds – sdT
(1)
The First law of thermodynamics for work done in resisted quasi-equilibrium is,
dq – pdv = du

The Second law of thermodynamics for a reversible process is,
ds = dq/T,
From the First and Second laws,
Tds – pdv = du

Substitute into Equation (1),
df = du – (du + pdv) – sdT
or,


df = -pdv – sdT
(2)
We now have related the goal variables p, T, s and v, and the starting variable f.

The total differential theorem for f gives,


df = (∂f/∂T)v dT + (∂f/∂v)T dv
(3)

Comparing Equations (2) and (3),


-p = (∂f/∂v)T, and, -s = (∂f/∂T)v
(4)
and of course [∂(∂f/∂T)v/∂v]T = [∂(∂f/∂v)T/∂T]v = ∂2f/∂T∂v. Differentiating and equating the derivatives in (4) gives,

(∂p/∂T)v = (∂s/∂v)T (QED)
(b) STARTING POINTS: 


Tds = du + pdv
(0)

and,


(∂p/∂T)v = (∂s/∂v)T
(1)
GOALS: Prove that for an ideal gas obeying pv = RT,

u(T,v) = u(T), and, cv(T,v) = cv(T)

Note, that we continue with the same two properties and independent variables, T and v, as before.

The goal can be re-phrased slightly,

(∂u/∂v)T = 0, and, (∂cv/∂v)T = 0

We would like to substitute s, u and p in Equation (0) with T and v. Divide (0) though by ∂v and consider constant T changes,

T(∂s/∂v)T = (∂u/∂v)T + p
(2)
Substitute Equation (1) into (2) and re-arrange,

(∂u/∂v)T = T(∂p/∂T)v – p

We only two properties, and return to the definition of an ideal gas in order to eliminate p,

(∂u/∂v)T = T(v/R) – RT/v = 0 (QED)

To introduce cv we look at its definition,

cv = (∂u/∂T)v
We have already shown that u = u(T) is a function only of T. Hence, cv that is the differential of u with respect to T (at constant v, which is irrelevant in this case) will also be a function of T only, cv = cv(T).
4. Solution:
(a) STARTING POINT: We are given the characteristic equation of a pure substance, expressed in Helmholtz function form f = f(T,v):


f = c(T–To) – cTln(T/To) – RTln[(v–b)/(vo–b)] – a(1/v–1/vo)
(0)

GOAL: To find the p-v-T equation of state.
Equation (0) is an equation of state, only it expresses a relationship between f, T and v rather than the three most familiar properties p, v and T. Look at Equation (4) in Question 3(a) where we showed that,


p = -(∂f/∂v)T
(1)

This is exactly what we are looking for since the LHS is one of our desired properties and the differential of f, which we are given in (0), involves the two independent properties in f = f(T,v). Hence, we can differentiate f in (0) with respect to v while keeping T constant,

 (∂f/∂v)T = -RT[1/(vo–b)]/[(v–b)/(vo–b)] – a(-1/v2)

= -RT/(v – b) + a/v2
(2)

Then, after substituting Equation (2) into (1),

p = RT/(v – b) – a/v2
(3)
Or, in its familiar form this substance is a van der Waals fluid,
(p + a/v2)(v – b) = RT (QED)
(b) STARTING POINT: As above, with,

f = c(T–To) – cTln(T/To) – RTln[(v–b)/(vo–b)] – a(1/v–1/vo)
(0)

GOAL: To derive expressions for s, u and cv as functions of T and v.

Return to Equation (4) in Question 3(a) where it was also shown that,


s = -(∂f/∂T)v
(1)

We notice that we now need to differentiate (0) with respect to T while keeping v constant,
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= -cln(T/To) – Rln[(v–b)/(vo–b)]
(2)

So, we can now substitute (2) into (1) to get,
s = cln(T/To) + Rln[(v–b)/(vo–b)] (QED)
We now know f (given, staring point) and s (line above) as functions of T and v. We would like to introduce u somehow. Consider returning to the definition of f = u – Ts. Hence,


u = f + Ts
(3)

All that remains is to replace f = f(T,v) and s = s(T,v) into (3),


u = c(T–To) – cTln(T/To) – RTln[(v–b)/(vo–b)] – a(1/v–1/vo)


+ T{cln(T/To) + Rln[(v–b)/(vo–b)]}

Or, after simplifying,


u = c(T – To) – a(1/v – 1/vo) (QED)

Finally, to examine cv we must once again return to its definition,

cv = (∂u/∂T)v
It is straightforward then to see that,

cv = c (QED)
(c) STARTING POINT: As above.
GOAL: To show that cp – cv = [RT/(v – b)](∂v/∂T)p
We already have cv, so we need to find cp in terms of the same independent variables as before, namely T and v. Recall the definition of cp,


cp = (∂h/∂T)p
(1)

Unfortunately we do not have h, but do have u that is related to h via,


h = u + pv
(2)

Looking at Equations (1) and (2) we can begin to suspect that progress can be made by differentiating (2) with respect to T with p constant,


(∂h/∂T)p = (∂u/∂T)p + p(∂v/∂T)p
(3)

The LHS is simply cp, and since cv = c we have, so far,


cp – cv = (∂u/∂T)p + p(∂v/∂T)p – c
(4)

We have already found u in the second part of this question,


u = c(T – To) – a(1/v – 1/vo)
(5)
Then by differentiating Equation (5),


(∂u/∂T)p = c + (a/v2)(∂v/∂T)p
(6)
Substituting back into Equation (4),


cp – cv = c + (a/v2)(∂v/∂T)p + p(∂v/∂T)p – c
= (p + a/v2)(∂v/∂T)p

And, finally,
cp – cv = [RT/(v – b)](∂v/∂T)p (QED)
the last step making use of the p-v-T equation of state.

We do not have a problem with (∂v/∂T)p as it is part of the desired expression and we can leave this as is. However, it would not have been a problem to evaluate it, given the fact that we have worked out the p-v-T equation of state in the first part of this question. The difficulty is that we cannot re-arrange the van der Waals p-v-T equation of state for v by decoupling it from p and T. Hence, if we wanted to proceed we would have needed to differentiate the whole of Equation (3) in Question 4(a),
(∂p/∂T)p = R(∂T/∂T)p/(v – b) – [RT/(v – b)2](∂v/∂T)p
+ (2a/v3)(∂v/∂T)p

or,

0 = R/(v – b) – [RT/(v – b)2 – 2a/v3](∂v/∂T)p

or,

(∂v/∂T)p = R/{(v – b)[RT/(v – b)2 – 2a/v3]}
Summary
Thermodynamics Potentials:

Starting with the fundamental thermodynamic relation below, which results from consideration of the First and Second laws under certain conditions (resisted expansion, quasi-equilibrium, reversible process),

dQ = TdS = dU + pdV
various relations are developed for specific independent variables.

Internal Energy, U = U(S,V):
From above, it follows that,

dU = TdS – pdV
Since U = U(S,V) we can use, dU = (∂U/∂S)VdS + (∂U/∂V)SdV, to get,

T = (∂U/∂S)V and -p = (∂U/∂V)S
Taking second derivatives gives the Maxwell relation,
(∂T/∂V)S = -(∂p/∂S)V
Enthalpy, H = H(S,p):

From H = U + pV and TdS = dU + pdV we obtain,

dH = TdS + Vdp

Since H = H(S,V) we can use, dH = (∂H/∂S)pdS + (∂H/∂p)Sdp, to get,

T = (∂H/∂S)p and V = (∂H/∂p)S
Taking second derivatives gives the Maxwell relation,
(∂T/∂p)S = (∂p/∂S)p
Helmholtz Free Energy, F = F(T,V):

From F = U – TS and TdS = dU + pdV we obtain,

dF = -SdT – pdV

Since F = F(T,V) we can use, dF = (∂F/∂T)VdT + (∂F/∂V)TdV, to get,

-S = (∂F/∂T)V and -p = (∂F/∂V)T
Taking second derivatives gives the Maxwell relation,
(∂S/∂V)T = (∂p/∂T)V
Gibbs Free Energy, G = G(T,p):

From G = U – TS + pV and TdS = dU + pdV we obtain

dG = -SdT + Vdp

Since G = G(T,p) we can use, dG = (∂G/∂T)pdT + (∂G/∂p)Tdp, to get,

-S = (∂G/∂T)p and V = (∂G/∂p)T
Taking second derivatives gives the Maxwell relation,
(∂S/∂p)T = -(∂V/∂T)p
“May the road rise with you;
may the wind fall softly on your back,
and the sun shine warm upon your face …
until we meet again”
Christmas, 2006.
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