Regression Models

Handout for G12, Michaelmas 2001

(Lecturer: Stefan Scholtes)

Uncertain quantities, such as future demand for a product, are typically influenced by other quantities, either control variables, such as price and advertising budget, or other uncertainties, such as weather, interest rates and other macro economic quantities, or future prices and advertising efforts for competing products. 

Setting the scene. A manager wishes to set a price for a “perishable” product (food, theatre tickets, flight tickets, hotel rooms, etc.) to sell the products in stock before they become worthless. He wants to set the price so that revenues from sales are maximal. Revenue is the product of price and demand, with demand depending on price. So in order to maximise revenues, he needs to know how demand depends on price. If he sets the price too low, he may sell all tickets but may have to turn some customers down who would have been happy to pay a higher price. If he sets the price too high, he may not sell many tickets. On the other hand, if customers are not price sensitive (e.g. business class customers of airlines), he will be better off with a higher price and instead disposing of the perished products. 

The manager expects demand to decrease with price – but at what rate? If, for instance, he knew that the future demand y for a product depends on its price x through a relation of the form 
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, then the slop 
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of the demand-price line (which is likely to be negative) gives the required information. 

The error term. Future demand, however, is not completely determined by the price. Instead, for each choice of price, the demand is a random variable. Therefore, a better model would be of the form 
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where
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 is a random variable that subsumes all random effects that govern the realisation of the future demand beyond the price x. We want the line to give us expected demand for any chosen price 
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 and therefore assume that the expected value
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. The random variable 
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 is called the error term of the model since it specifies the random error made by assuming expected demand. The error is often assumed to be normally distributed (with mean 0 and some variance 
[image: image8.wmf]2

s

). The rationale behind this assumption is that the “total error” 
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 is the sum of many small errors 
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 and therefore, according to the central limit theorem, approximately normally distributed, even if the individual errors 
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 are not. 

The direct problem: Generating scatter plots. Given the parameters 
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 of the line and the distribution of the error term
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 it is no problem to generate a sample of demands
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 for various values of the price
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. This is done in the worksheet “Direct Problem” in “Model_Fit.xls”. A typical scatter plot of price against demand could looks like this: 
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The inverse problem: Recovering the model. We have so far worked in an ideal world, where the manager knows the relationship between demand and price and also the distributions of demand for any particular choice of price. Our manager does not have this information. His starting point is typically a set of data that shows realised historic demands against various promotional prices. In other words, he is faced with a scatter plot as the one above. He believes that there is a functional relationship of the form 
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 but knows nothing about the form of 
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or the distribution of 
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. His task is therefore to recover the function
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and the distribution of the error
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 from the given historic data (i.e. from the scatter plot). He knows that he has too little information to fully recover the function or the error uncertainty and would therefore be happy with a function that can be argued to be close to the true function
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and with an estimation of some of the characteristics of the error distribution. 

The functional form. The specification of a model is done in two steps: 

i) specify an appropriate parametric form of the model

ii) specify the parameters for the model so that the model fits the data well. 

The first step is about specifying whether the model is linear or non-linear and if non-linear, then of what specific form (polynomial, trigonometric, etc)? What would our manager do if he had to specify the qualitative nature of the relationship between demand and price? He would most certainly begin by inspecting the scatter plot of the data. The plot reveals that price seems to have a decreasing effect on demand – no surprise. More importantly, the scatter plot shows that it seems reasonable to assume that the relationship is linear, i.e., an appropriate line seems to fit the points rather well. Such a line is shown in the following graph. 
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A linear model would be less appropriate if the scatter plot looked like this:  
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A nonlinear model seems to fit this picture much better.
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Specifying the right type of model is an art rather than a science. It should be based on graphical or other inspection of the data as well as on theoretical justifications for a  model for the situation at hand. Even if the overall model is non-linear, a linear model can be a suitable “local” model for small ranges of the input variable 
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, since the non-linear function can, over small intervals be well approximated by a first order Taylor series.  It is important, however, to bear in mind that this model is only “valid” over a small interval of input variables. 

I said that the first step is about specifying a parametric form of the model. What do I mean by that?  A linear function 
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 is an example of a parametric model. The model is only fully specified if we have assigned values to the two parameters 
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. These two parameters are the free parameters that we can use to fit the model to the data. In general, a parametric model is a model of the form 
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 is a parameter vector which specifies the precise form of the functional relationship between 
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and 
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. A typical example is a polynomial function 
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 which is fully specified if all parameters 
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are known. A more general non-linear model is a model of the form 
[image: image35.wmf]å

=

),

(

)

,

(

x

f

p

p

x

f

i

i

 where the functions 
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are appropriately chosen “basis” functions. As mentioned above, choosing the right model can be a difficult task. One of the problems is to choose an appropriate number of free parameters for the model. The larger the number of parameters, the more accurate the model can be fit to the data. For example, for any set o 
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 points in the plane there is a polynomial curve of degree 
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 (i.e. 
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 free parameters) containing all points – that’s a perfect fit. However, do we really want a perfect fit? Since the
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 values are contaminated with errors, too many free parameters bear the danger that one fits the curve to the noise E(y)+
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 rather than to the unobserved signal E(y). 

Curve fitting. Once we have determined an appropriate parametric form for our model, we are faced with the problem of fitting the model to the data, i.e., finding appropriate values for the parameters 
[image: image42.wmf]i

p

. This modelling phase is sometimes called “model calibration”: find parameter values such that the model explains the data well. To accomplish this, we need to define a criterion that allows us to compare a model 
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 with regard to the ability to explain the observed data. Such a criterion is called a measure of fit. Consider a model
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and a data pair
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 can then be thought of as the model prediction, whilst 
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 is the actual observation, which is the true model prediction plus a random error with zero expectation. If we assume that the error 
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 is approximately normal with mean zero, then most error values 
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 are small, where 
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 is the unknown true parameter. It is then sensible to say that the model 
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 is small. We still need a measure to quantify “smallness”. An obvious choice is the absolute deviation 
[image: image55.wmf]|

)

,

(

|

i

i

y

p

x

f

-

  at a data point
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 which is illustrated below for a linear model. 
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There are, however, many possible measures of deviations between model and observation at a data point. A particularly popular one is the squared deviation  
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 which we will use in the sequel because it has very good statistical properties as we will see later. 

Whatever definition of deviation we prefer, we would like to find a parameter 
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such the deviations between model predictions and observations are small at all data points.   Obviously, parameters that make the deviation small for one data point may make it large for another one. We need to balance out the deviations between points. A suitable criterion seems be the average deviation, i.e., the smaller the average deviation is the better the model fits the data. An alternative criterion could be the maximum deviation, i.e. the smaller the maximum of the deviations across all data points, the better the fit. The most popular measure of “fit” for a model is the sum of the square deviations, also called the sum of the squared errors
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The best fit to the data, under this criterion, is given by the parameter 
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and then checking that the second order conditions for a minimum hold. 

Linear Models.  To illustrate the approach, let us focus on the simple linear model 
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 that our manager thinks will fit the data well. The sum of squared errors is of the form 
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Differentiating this with respect to the two the two parameters gives
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This is a linear system in the two unknowns 
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. Dividing the first equation by 
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values in the data. Thus the line of  best fit passes through the “average point” 
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In most books you will find a slightly different form for the slope coefficient 
[image: image74.wmf]b

. This is obtained by recognizing that 
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 in view of the definition of 
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 and the same is true with the roles of 
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changed. Therefore 
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with coefficients 
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 which only dependent on the observed (or controlled) variables 
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Digestion: Where are we now? We have defined what we understand by a good fit of a model and have shown how the model of best fit can be computed for a simple linear model 
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. For linear models in several 
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 variables or for “basis function” models the computation is similar, i.e., amounts to solving a system of linear equations.
  The closed form solution that we obtained for the simple one-dimensional linear model will help us to understand the statistics behind fitting a model to sample data.

Why do we need to worry about statistics in this context? Remember the manager wanted to recover an unknown relationship between demand and price from historic data. The scatter plot obviously reveals that the relationship between demand and data is not deterministic in the sense that we would be able to precisely predict demand for each price. This led us to the introduction of the error term 
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 which we assumed to have zero expectation so that the model 
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 would allow us to predict the expected demand for a given price. This, however, assumes that we know the true parameter 
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.  The true parameter, however, was estimated from given data. If we assume that there is a true parameter 
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 reflects the relationship between price and expected demand (i.e. our parametric family was chosen properly), then we can illustrate the process by the following picture: 
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The data generating process is a black box since the true parameter 
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 is unknown to us. Since the observations 
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 are contaminated with errors, the least squares estimate 
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 depends on the sample produced by the random data generating process. For an illustration of this process, open the worksheet Direct Problem in “Model_Fit.xls” and press F9. Each time you press F9, the data generating process produces a new sample of 
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 values which lead to a new line. The key observation is: THE LINE OF BEST FIT IS A RANDOM LINE! In other words, the least squares parameters
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are random variables with certain distributions. 
That should make us worry about our procedure. Our manager has only one sample of historic price-demand pairs at hand. He has produced a fitting line through the data points. But now he realises by playing with the F9 key in the workbook Direct Problem that the line could be quite different if he had “drawn” another set of historic price-demand pairs. If that is so, then maybe he cannot recover the true parameter 
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or something close to the true parameter after all? This is indeed true if he wants a guarantee that the estimated parameter is close to the true one. Whatever effort he makes to estimate the parameter, he can only use information in the sample which may have been anomalous and therefore give a very bad model estimate. Therefore, the essence of model fitting from a statistical point of view is to make a case that the estimated parameter is UNLIKELY to be far off the true parameter. Of course such a statement needs quantification. How unlikely is it that the estimated parameter slope of the demand curve overestimated the true slope by 10 units per £? That’s important for informed decision making. The manager will base his decision on the information we give him about the slope of the demand curve. However, this slope is a random variable. Remember: when you deal with random variables, a single estimate (even if it is the expected value) is not of much use. What we would like to know is the distribution of the slope. Distributional information will help the manager to make statements like: “If we reduce the price by 10% then there is a 95% chance that our sales will increase by at least 15%”. If an increase of sales of 15% against a decrease of price by 10% gives more profit than at present then he could state that there is a 95% chance that the company increases profits by making a 10% price reduction. That’s good decision making.  And that’s why we need to worry about statistics in this context.

The distribution of the slope parameter. We will illustrate now how distributional information about the least squares parameter can be obtained. As an example consider our least squares estimate 
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 of the slope of the linear model 
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 are the unknown “true” parameters of the model. To get an idea of the distribution of the slope parameter 
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 and generate 500 sets of 30 observations 
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For each set of data, compute the least squares slope 
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, giving a sample of 500 slopes. Here is a typical histogram of this sample. 
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This histogram has been generated with errors 
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 that are uniformly distributed on an interval [-v,v]. Nevertheless, the histogram shows a bell-shaped pattern. We therefore conjecture that the slope is normally distributed. Can we back up this empirical evidence with sound theoretical arguments?  

We had seen above that the least squares estimate 
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for the slope 
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can be computed as
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 depend only on the independent variables (“input variables”) 
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 where the 
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’s are independent draws from the same distribution
. We can therefore rewrite the expression for the slope 
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Let’s first focus on the random element in this sum. This random element is the sum of 
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 random variables 
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, where 
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 is the number of data points 
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. We know from the central limit theorem that the sum of independent random variables (whatever their distribution) tends to become more and more normal as the number of random variables increases. If the number 
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 is large enough, say 
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 as a rule of thumb, then we may safely operate under the assumption that the sum is indeed normal
.  It remains to compute the expectation and variance of the random element. The expectation is obviously zero since the expected value of a linear combination of random variables is the linear combination of the expected values. For the calculation of the variance we need to use the fact that the variance of the sum of independent variables is the sum of their variances and that 
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where 
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is the common variance of the error terms 
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Notice first that 
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Furthermore,


[image: image134.wmf]1

)

(

)

)(

(

)

(

2

=

-

-

-

=

-

=

-

=

å

å

å

å

å

å

x

x

x

x

x

x

x

x

x

x

x

j

i

i

i

i

i

i

i

i

i

l

l

l

l


and therefore
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Consequently: Our analysis shows that the least squares slope 
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 has (approximately) a normal distribution with mean 
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 and variance 
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. The normal approximation is the better the larger the number of data points 
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 (central limit theorem) and it is precise for any number of points if the error terms 
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There are two unknowns in the distribution of the least squares slope 
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. There is not much we can do about the former – if we knew it, we wouldn’t have to estimate it in the first place. So the best we can do is to look at the distribution of the estimation error 
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Eliminating the error variance.  The unknown 
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. This assumes that our least squares estimates were reasonably accurate and that the sample is large enough so that the sample variance provides a good estimate to the variance of the distribution that the sample was drawn from. The naïve variance estimate is 
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It turns out, however, that the expectation of this estimator is
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, i.e., the estimate tends to have a downwards bias. To rectify this, one uses the unbiased estimator 
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Can we say that the least squares slope 
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 is approximately normally distributed with mean 
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and variance 
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 is large, say above 50, it is problematic from a conceptual point of view. The quantity we claim in this statement to be the variance of the slope involves the observations 
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 is itself a random variable that changes with the sample. Variances, however, are – at least in standard statistics – not random but fixed quantities. To deal with this conceptual problem, statisticians use standardizations of random variables. Recall that a normal random variable X with mean 
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is a random variable with mean zero and variance 1. 
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is called the standard normal variable. We can therefore write the least squares slope 
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or, equivalently, say that 
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 is a standard normal variable. If in the latter expression we replace the unknown 
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 then we are replacing a number by a random variable and therefore increase the uncertainty. It can be shown that the thus obtained random variable 
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has Student’s t-distribution with 
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 degrees of freedom
. This distribution looks similar to the standard normal distribution but has a larger variance, i.e. the bell-shape is more spread out. It approaches the standard normal distribution as the degrees of freedom increase and there is no significant difference between the two distributions if the degrees of freedom exceed 50. In other words, if you have more than 50 data points to fit your sample through, you can safely claim that the slope is normally distributed with mean 
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 and variance 
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 If you are dealing with smaller samples, you need to use the t-distribution. 

There is one disadvantage in passing from the standard normal 
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 we can make  probability statements about the estimation error in absolute terms: 
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where 
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 is the cumulative distribution function of a standard normal variable. We cannot quite do this for the variable 
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Why can’t we simply replace the 
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by the estimate 
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and correct for this by replacing 
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that depends on the sample, i.e. a “random cumulative distribution function” . To distinguish this function from a standard cumulative distribution function, it is called the confidence function. It is important to notice that 
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 In fact, the left-hand side is a number and the right-hand side is a random variable. But what is the interpretation of the confidence function?  To explain this, let’s look at the construction of confidence intervals.  

Confidence intervals. We had seen above that 
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Therefore, if we repeatedly draw samples 
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In the same vain,   
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where the last equation follows from the fact that the density of the t-distribution is symmetric about zero and therefore 
[image: image201.wmf]).

(

1

)

(

2

2

u

F

u

F

n

n

T

T

-

-

=

-

-

  If we repeatedly sample and record the intervals 
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We have just constructed two confidence intervals. Here is the general definition of confidence intervals:   

A confidence interval is a recipe for constructing an interval (one- or two-sided) from a sample and the confidence level is the expected proportion of intervals that contain the true parameter 
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.  

The confidence level of the “one-sided” confidence interval
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, while the confidence level of the “two-sided” confidence interval  
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It is important to bear in mind that the bounds of a confidence interval are random variables since they depend on the sample. Therefore, the confidence level associated with an interval with a particular error level 
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) and is therefore a random variable. This confidence level is expressed through our confidence function 
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The functions are computed in the spreadsheet model Confidence_Level.xls; re-sampling by pressing F9 changes the confidence functions for CI’s based on the t-distribution. It does not change the confidence levels for the CI’s based on the normal distribution (assuming known variance 
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).  A typical confidence level function for a two-sided confidence interval looks like this: 
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For any x, we can read off the confidence level C(x) associated with an interval 
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, based on the given sample. If F9 is pressed, then not only the estimate 
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 changes but also the confidence level associated to intervals with radius x will change. A confidence level of s% at radius x is interpreted in the following way: There is a procedure which assigns intervals to samples such that, on average, s% of these intervals contain the true mean and this procedure assigns to the current sample an interval 
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It is important to notice that a user doesn’t need to know the procedure to set up confidence intervals to interpret the graph. However, you will need to know the procedure to set-up the graph. 

The intercept. The least squares estimate 
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 for the intercept 
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 can be analysed in precisely the same way as the slope. Indeed, we have already seen that 
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 can be obtained directly from the slope since the least squares line passes through the average point 
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 It turns out that 
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 and 
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 are statistically independent. Since 
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 is the sum of two independent normal variable, it is itself normal with the mean being the sum of the means and the variance being the sum of the variances of the two variables. A little bit of algebra shows that 
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In other words, 
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 is of the form
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where 
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 is a standard normal variable. Arguing in the same way as for the slope we can replace the unknown variance 
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 if we adjust the standard normal distribution by the slightly more volatile t-distribution. This leads to the random variable  
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which has a t-distribution with (n-2) degrees of freedom. Confidence intervals in terms of the random variable 
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 can be obtained in the same way as for the slope. 

Predicted values of y. For a given price 
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 our prediction of the expected value of 
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. Again, this prediction is a random variable and changes with a changing sample. What’s its distribution? Although 
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 is a linear combination of the two estimates 
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 are statistically dependent. We can, however, replace 
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, which is a consequence of the fact that the least squares line passes through the average data point 
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The variables 
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 and 
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 are statistically independent and therefore we conclude that 
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, as the sum of two independent normals, is again normal with mean and variance being the sum of the means and variances of the summands, respectively. A bit of algebra gives 
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It is interesting – and rather intuitive – that that variance is lowest if 
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 is close to the mean 
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 and that it deteriorates quadratically with the distance from the mean. 

Replacing the unknown variance in the standardized normal by the sample variance 
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which has a t-distribution with 
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 degrees of freedom. This can be used in the standard way for the construction of confidence intervals. 

How can we use this for decision making?  Do you remember our manager? Suppose he wants to set a price that would maximise expected revenue from sale
? Revenue is the product of price times demand. The manager therefore wants to maximise the function
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Standard calculus shows that the optimal price is 
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. The manager’s problem is that he knows neither 
[image: image265.wmf]a

 nor
[image: image266.wmf]b

. Having set up a regression model, he does the obvious and replaces the unknown parameters by their least squares estimates 
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Is that a good idea? The chosen price actually optimises estimated expected revenues
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What is the distribution of the estimated expected revenues? Recall that 
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 which is a consequence of the fact that the least squares line passes through the average point 
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This expression is the sum of two independent normal variables and therefore itself normal. The expected value is 


[image: image276.wmf]x

x

x

x

P

E

)

(

)

(

))

(

(

b

a

+

=

P

=


and the variance is  
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The following picture shows the behaviour of the 
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 as a function of price x for the example in the spreadsheet Pricing.xls. Recall that 
[image: image279.wmf])

(

x

P

 is normal and therefore the 95% rule applies: 95% of the realisations of a normal variable fall within 2 standard deviations of the mean. For this particular example historic prices range between £ 7.00 and £ 11.60. The “optimal” price on the basis of the estimated  slope and intercept is 
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 with a standard deviation of £130.69. Therefore, there is quite a bit of uncertainty involved in our estimate of expected revenues.    
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The graph below shows how a 95% confidence interval, based on known error variance 
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 spreads out the price x increases.  It is constructed in the worksheet Variance of Revenues in Pricing.xls. Notice that this graph, in contrast the one above, changes every time you press F9
.  Also, play around with the standard deviation of the error (cell B11 in the model) to see what effect that has on the confidence interval for the estimated expected revenues.  
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Generally speaking, results of a regression analysis should only be relied upon within the range of  the 
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 values of the data. The main reason for this is that our analysis assumed that the linear relationship between expected demand and price was “true” and that our only evidence for this at this point was the inspection of the data. The demand data may well show a clear non-linear pattern outside of the range of historic prices. Notice that the largest price in our historic sample is £11.60. My recommendation would therefore be to choose a price slightly above £11.60, say £12.00. The estimate of expected revenues is fairly accurate for this and I do expect the linear pattern to extend slightly beyond the historic price scale. Also, I will in this way record data for more extreme prices which I can then feed into the model again to update my estimates.  

Testing for dependence.  Can we argue statistically that there is indeed a dependency between 
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The variability of the y’s without taking account of the regression line is reflected in the sum of their squared deviations 
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(TTS stands for total sum of squares). This variability is generally larger than the variability of the data about the least squares line since the latter minimises 
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This quantity is called the regression sum of squares, 
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. As mentioned above, it is interpreted as the variability of the 
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 data explained by the regression line, i.e., explained by the variability of the 
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The regression sum of squares is a certain proportion of the total sum of squares. This proportion is called the coefficient of determination, or 
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 has values between 0 and 1. If all data points lie on the regression line then 
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 is often interpreted as the percent variability explained by the regression model. Notice that a larger 
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 as well. It is not difficult to construct examples with the same measure of optimal fit 
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Now let us get back to our aim of testing statistically whether there is a relationship between 
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As we had seen the estimator 
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 has a normal distribution with mean 
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. The former is always an unbiased estimator, whilst the latter is only an unbiased estimator if our hypothesis 
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 tends to overestimate the error variance. If the hypothesis was true we would therefore expect their ratio
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to be close to 1. If the ratio is much larger than 1, then this is likely to be because 
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 has an upward bias due to a nonzero 
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 of the statistic, given the data and compute the so-called p-value of the test which is 
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under the assumption that our hypothesis was true, i.e. that 
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. If the p-value is small, say below 5% or below 1%, then it is unlikely that randomly drawn data will provide our calculated ratio 
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. This is what we mean when we say that there is significant evidence that the hypothesis is wrong. If that is the case, we reject the hypothesis and conclude that there is a significant relationship between 
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 This allows us to calculate the p-value. 

Multiple regression. So far we have only focused on so-called simple regression models, where the dependent variable is assumed to depend on only one independent variable 
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. In practice there are often many control variables that influence a dependent variable. Demand, as an example, does not only depend on price but also on advertising expenditure. The recovery of the dependence of a dependant variable such as demand on multiple independent variables 
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where 
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 is the random deviation form the expected value of 
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. Such a model is called a linear multiple regression model. Measures of fit can be defined in the usual way, e.g. the sum of squares is now 
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and the least squares parameter 
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minimizes this function. There is no conceptual difference between simple and multiple regression. Again, the parameter estimates are functions of the data and therefore random variables. A statistical analysis can be done as in the case of simple regression, leading e.g. to confidence intervals for the multiple parameters 
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. A detailed explanation of these procedures goes beyond the scope of this course. 

Conclusions. What have you learned? 

You can explain 

· the concept of a regression model 
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· the concept of a measure of fit and the underlying assumptions on the error distribution

· the concept of least squares estimates for parameters of a curve

· why parameter estimates are random variables

· the concept of confidence intervals and confidence levels

· why the least squares parameters are normally distributed 

· how the unknown error variance can be estimated 

· why the replacement of the unknown error variance changes the distribution of the estimation error (I don’t expect you to be able to explain why the change is from a normal to a t-distribution but I expect you to be able to explain why the confidence intervals should become larger. Do they always become larger or just on average? Experiment with a spreadsheet if you can’t decide on it mathematically.)

You can do:

· derive linear equations for the fitting of a model of the form 
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 to data points by means of a least squares approach

· derive the means and variances of the estimators for a linear model (slope, intercept, predicted value for fixed independent variable) in terms of the true parameter and the error variance

· compute one- and two-sided confidence intervals for given confidence levels

· carry out a statistical test of dependence of 
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 on 
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· produce graphical output to explain your findings 

· make recommendations on the basis of a regression analysis

Appendix: The Regression Tool in Excel.

The Regression tool is an Add-in to Excel which should be available under the Tools menu. If it is not available on your computer, install it by selecting Tools  – Add-ins – Analysis Toolpak. To see how (simple or multiple) regression work in Excel, select the spreadsheet Trucks.xls. Select the Trucks Data  workbook, click on the Tools – Data Analysis menu, then click on Regression in the dialog box as shown below:
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Insert the data in the Regression dialog box then click OK. Notice: If you want chart output, you have to select New Workbook in the Output options. If you do not need chart output, you can insert the result in the current workbook. 
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� EMBED Equation.3  ��� 





� EMBED Equation.3  ���





� EMBED Equation.3  ���





� EMBED Equation.3  ���





Data Generating Process � EMBED Equation.3  ���





Input variables � EMBED Equation.3  ���





Sample � EMBED Equation.3  ���





Find estimate � EMBED Equation.3  ��� of � EMBED Equation.3  ��� by fitting a curve through the points (xi,yi)





� EMBED Excel.Sheet.8  ���





R Square and Adjusted R Square: Tells us what percentage of the total variability in Y is explained by the regression model. Adjusted R Square takes into account the number of independent variables. An over-fitted model, with many independent variables will tend to have a high R Square and a significantly lower Adjusted R Square. The formula for the adjusted R square is R2-[(k-1)/(n-k)]*(1-R2)


(k: # independent variables, n: # observations).





ANOVA:  Test for dependence of E(y) on the control variables. Significance F is p-value of the test.  If significance F is large then it is possible that there is no dependency at all between the dependent and the independent variables. In this case, the data does not support the model. 





P-value: Suppose the true coefficient is zero. Then the p-value gives you the probability that a randomly drawn sample produces a t-statistic at least as large as the found value “t Stat”. If the p-value is small then data indicates that the true coefficient is non-zero, i.e. that the corresponding independent variable has indeed an impact on the dependent variable. If it is large (as in the case of MAKE) then the data does not clearly reveal a relationship between the dependent variable and that particular independent variable.      





t stat: Coefficient  estimate divided by standard error, This is the value of the t-statistic under the hypothesis that the coefficient is zero. Used in the calculation of the P-value





Standard Error: Estimate of the standard deviation of the coefficient estimate. Needed for the construction of confidence intervals to the right of this table      








� This criterion is equivalent to the average deviation criterion, i.e. a set of parameters that provides a better fit according to the average deviation will provide a better according to the sum of the deviations, and vice versa. The measure is not unproblematic, though. The use of the squared deviations penalizes large deviations and so the model that fits best according to this criterion tries to avoid them,  possibly at the expense of enlarging many “smaller” deviations. This is a dangerous property: if our data is contaminated with an “outlier”  ( point � EMBED Equation.3  ���with unusually large or small � EMBED Equation.3  ��� relative to� EMBED Equation.3  ���) then that can have a considerable effect on the curve of best fit. Such outliers are often due to errors in recording measurements. Entering a zero too much in a piece of data when inputting it into a computer can be the cause of an outlier. For two-dimensional data, outliers can normally be detected by inspecting the scatter diagram for “unusual” points.


� This approach will in general only guarantee a “local” optimum, i.e. a point that can not be improved upon by small changes of � EMBED Equation.3  ���.  However, if the model is linear or, more generally, of the “basis function” form � EMBED Equation.3  ��� then the first order conditions � EMBED Equation.3  ���form a system of linear equations, any solution of which has the “global” minimal value of � EMBED Equation.3  ���.  


� If you have created a scatter plot in Excel you can fit a linear and some non-linear models by highlighting the data points (left-click with cursor on a data point), then right-clicking and following the instructions under Add Trendline.  It will not only give a graphical representation of the model but also the equation of the model if you ask it to do so in the options menu of this add-in.  


� And, of course, that our parametric form covers the unknown relationship between demand and price. 


� It is worthwhile keeping these assumptions in mind, i.e. we assumed  that the relationship between the expected value of the observation � EMBED Equation.3  ���(e.g. demand) and the input variable � EMBED Equation.3  ��� (e.g. price) is indeed linear


and that the random deviations � EMBED Equation.3  ��� from the expected value are independent of one another and have the same distribution. In particular the distribution of these random deviations are assumed to be independent of the “input variables” � EMBED Equation.3  ���.


� If the errors � EMBED Equation.3  ��� are themselves normally distributed then there is no need for the central limit theorem since scalar multiples and sums of independent normal variables remain normal. 


� At this point it is in order to list a few facts and definitions that are vitally important for statistical analysis and which I recommend to memorize. 


The sum of independent normals is normal


The sum of (many) independent non-normals is approximately normal (central limit theorem)


� EMBED Equation.3  ��� for random variables � EMBED Equation.3  ��� and numbers � EMBED Equation.3  ���


� EMBED Equation.3  ���


� EMBED Equation.3  ��� if � EMBED Equation.3  ��� are independent


By definition, the chi-square distribution with � EMBED Equation.3  ���degrees of freedom is the distribution of the sum � EMBED Equation.3  ���, where the� EMBED Equation.3  ��� are independent standard normal variables (mean zero, variance one). (This implies e.g. that � EMBED Equation.3  ��� has a chi-square distribution with � EMBED Equation.3  ��� degrees of freedom.)


By definition, Student’s t-distribution with � EMBED Equation.3  ���degrees of freedom is the distribution of a variable � EMBED Equation.3  ���, where Z is a standard normal and X has a chi-square distribution with n degrees of freedom. (This distribution is used if an unknown variance in an otherwise normally distributed setting is replaced by the sample variance.) 


By definition, the F distribution with n and m degrees of freedom is the distribution of the ratio � EMBED Equation.3  ���, where X and Y are chi-square distributed variables with n and m degrees of freedom, respectively. (This is useful to compare variances from different samples.) 


The result that the random variable � EMBED Equation.3  ��� has Student’s t-distribution with n-2 degrees of freedom follows from the fact that the normalised sample variance � EMBED Equation.3  ��� is the sum of  (n-2) squared standard normals (a bit cumbersome to show) and that this variable � EMBED Equation.3  ��� is independent of the standard normal variable� EMBED Equation.3  ���.  By the way, if you have ever wondered why the t-distribution is called Student’s t-distribution: The distribution was introduced by the Irish statistician W.S. Gosset. He worked for the owner of a brewery who did not want his employees to publish. (Maybe he was concerned that the secret brewing recipes could become public through the secret code of  mathematical language.) Gosset therefore published his work under the name Student.  


� This is a prevalent problem in the airline industry, in particular for the low-fare airlines that change their prices constantly. At a fixed point in time there is a particular number of seats left on a particular flight and the airline wants to set the price for the flight at a level that maximises their revenues – costs are not important at this level of planning since they are almost entirely fixed costs, i.e., independent of the number of passengers on the flight. The problem for the airlines is, of course, more complicated, not least by the fact that their revenues do not only come from one flight, i.e. making one flight cheap may well change the demands for other flights, e.g., the demand for flights to the same destination on the next day. 


� Notice also that the first of the two graph would also change with the sample if the sample standard deviation was used instead of the error standard deviation � EMBED Equation.3  ���


� It can be shown to be an estimator for the square of the correlation coefficient between x and y, if x is interpreted as a random variable, rather than a control variable (e.g. if we consider the dependence of ice-cream sales on temperature). 


� Recall that an F-distribution with n degrees of freedom in the numerator and m degrees of freedom in the denominator is the ratio � EMBED Equation.3  ���  where � EMBED Equation.3  ��� are independent random variables with a chi-square distribution with n and m degrees of freedom, respectively. A chi-square distributed variable with n degrees of freedom is the sum of squares of n standard normal variables. The distribution of � EMBED Equation.3  ��� therefore follows from the fact � EMBED Equation.3  ��� is the square of a standard normal variable (which follows from our derivation of � EMBED Equation.3  ��� as a function of � EMBED Equation.3  ���and the distribution of � EMBED Equation.3  ���) and that � EMBED Equation.3  ��� has the distribution of the sum of the squares of � EMBED Equation.3  ��� independent standard normal variables (a bit more cumbersome to show). The two variables can be shown to statistically independent.  
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		4.5266666667		4.5266666667		4.5266666667

		4.9793333333		4.9793333333		4.9793333333

		5.432		5.432		5.432

		5.8846666667		5.8846666667		5.8846666667

		6.3373333333		6.3373333333		6.3373333333

		6.79		6.79		6.79

		7.2426666667		7.2426666667		7.2426666667

		7.6953333333		7.6953333333		7.6953333333

		8.148		8.148		8.148

		8.6006666667		8.6006666667		8.6006666667

		9.0533333333		9.0533333333		9.0533333333

		9.506		9.506		9.506

		9.9586666667		9.9586666667		9.9586666667
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		10.864		10.864		10.864

		11.3166666667		11.3166666667		11.3166666667

		11.7693333333		11.7693333333		11.7693333333

		12.222		12.222		12.222

		12.6746666667		12.6746666667		12.6746666667
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Price Demand Data

		The data

		Price		Demand

		$7.00		167

		$8.00		153

		$8.00		161

		$7.90		155

		$9.10		156

		$8.90		156

		$7.20		157

		$8.10		150

		$7.60		159

		$7.20		170

		$9.70		159

		$7.20		170

		$9.00		157

		$7.70		162

		$9.70		151

		$7.50		165

		$10.70		142

		$9.90		146

		$10.90		146

		$7.10		163

		$9.20		147

		$10.20		147

		$10.70		144

		$8.70		162

		$11.60		138

		$10.70		152

		$10.80		153

		$8.80		160

		$11.20		140

		$11.30		141
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Linear Model
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Compute Confidence levels
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Known error variance

		The data

		Sample size		30

		Price		Demand		(price-mean)		(price-mean)^2		lambda_i		Squared error

		$7.00		167		($2.05)		$4.22		-0.032595352		4.68

		$8.00		153		($1.05)		$1.11		-0.0167209923		44.96

		$8.00		161		($1.05)		$1.11		-0.0167209923		1.68

		$7.90		155		($1.15)		$1.33		-0.0183084282		27.24

		$9.10		156		$0.05		$0.00		0.0007408035		3.76

		$8.90		156		($0.15)		$0.02		-0.0024340685		0.83

		$7.20		157		($1.85)		$3.43		-0.02942048		46.39

		$8.10		150		($0.95)		$0.91		-0.0151335563		84.50

		$7.60		159		($1.45)		$2.11		-0.0230707361		7.61

		$7.20		170		($1.85)		$3.43		-0.02942048		38.30

		$9.70		159		$0.65		$0.42		0.0102654193		64.30

		$7.20		170		($1.85)		$3.43		-0.02942048		38.30

		$9.00		157		($0.05)		$0.00		-0.0008466325		5.89

		$7.70		162		($1.35)		$1.83		-0.0214833002		0.57

		$9.70		151		$0.65		$0.42		0.0102654193		0.00

		$7.50		165		($1.55)		$2.41		-0.0246581721		7.44

		$10.70		142		$1.65		$2.71		0.026139779		14.82

		$9.90		146		$0.85		$0.72		0.0134402912		15.64

		$10.90		146		$1.85		$3.41		0.029314651		1.38

		$7.10		163		($1.95)		$3.82		-0.031007916		1.75

		$9.20		147		$0.15		$0.02		0.0023282394		42.87

		$10.20		147		$1.15		$1.31		0.0182025992		2.00

		$10.70		144		$1.65		$2.71		0.026139779		3.42

		$8.70		162		($0.35)		$0.12		-0.0056089404		34.65

		$11.60		138		$2.55		$6.49		0.0404267028		10.44

		$10.70		152		$1.65		$2.71		0.026139779		37.83

		$10.80		153		$1.75		$3.05		0.027727215		58.73

		$8.80		160		($0.25)		$0.06		-0.0040215045		19.36

		$11.20		140		$2.15		$4.61		0.0340769589		10.78

		$11.30		141		$2.25		$5.05		0.0356643949		3.13

		Compute the slope of the least squares line

		Mean price		$9.05

		Mean demand		154.3

		Sum of (price-mean)^2		$62.99

		Slope estimate		-5.132		(sum of lambda_i*demand_i )

		Intercept estimate		200.760		(mean demand - slope estimate * mean price)

		Sum of squared errors		633.271
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Variance of revenues
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Sheet2

		The data

		Given		a functional relationship of the form Y=a+bx+Z

				a,b known

				Z known to be normal with mean zero and known standard deviation

		Aim:		Sample Y for given values of X

		a=		200

		b=		-5

		Stdev of Z		5

		Sample size		30

		Price		Z		Demand		(price-mean)		(price-mean)^2		lambda_i		Squared error

		$7.00		4.8588844948		170		($2.05)		$4.22		-0.032595352		27.07

		$8.00		-8.7594344222		151		($1.05)		$1.11		-0.0167209923		72.36

		$8.00		-8.8839897217		151		($1.05)		$1.11		-0.0167209923		72.36

		$7.90		-0.6246352768		160		($1.15)		$1.33		-0.0183084282		0.00

		$9.10		0.1947057626		155		$0.05		$0.00		0.0007408035		1.73

		$8.90		-3.4346953726		152		($0.15)		$0.02		-0.0024340685		7.53

		$7.20		3.7340555537		168		($1.85)		$3.43		-0.02942048		18.16

		$8.10		-7.7802951637		152		($0.95)		$0.91		-0.0151335563		48.68

		$7.60		9.4260030892		171		($1.45)		$2.11		-0.0230707361		87.93

		$7.20		0.1786361281		164		($1.85)		$3.43		-0.02942048		0.07

		$9.70		2.0599827621		154		$0.65		$0.42		0.0102654193		12.17

		$7.20		-1.4019860828		163		($1.85)		$3.43		-0.02942048		0.55

		$9.00		-2.0402524115		153		($0.05)		$0.00		-0.0008466325		1.48

		$7.70		-3.4485765354		158		($1.35)		$1.83		-0.0214833002		9.57

		$9.70		-4.4600028559		147		$0.65		$0.42		0.0102654193		12.33

		$7.50		5.1095526032		168		($1.55)		$2.41		-0.0246581721		34.20

		$10.70		0.7010100944		147		$1.65		$2.71		0.026139779		3.16

		$9.90		-3.6912069845		147		$0.85		$0.72		0.0134402912		6.02

		$10.90		5.152560334		151		$1.85		$3.41		0.029314651		46.75

		$7.10		-0.4914397778		164		($1.95)		$3.82		-0.031007916		0.07

		$9.20		-3.6072094645		150		$0.15		$0.02		0.0023282394		9.97

		$10.20		-2.9543286928		146		$1.15		$1.31		0.0182025992		3.48

		$10.70		1.5890975646		148		$1.65		$2.71		0.026139779		7.72

		$8.70		-2.888458539		154		($0.35)		$0.12		-0.0056089404		3.25

		$11.60		-5.368838174		137		$2.55		$6.49		0.0404267028		11.97

		$10.70		0.3073751031		147		$1.65		$2.71		0.026139779		3.16

		$10.80		-1.0019903129		145		$1.75		$3.05		0.027727215		0.09

		$8.80		3.7394613628		160		($0.25)		$0.06		-0.0040215045		22.34

		$11.20		-3.121760983		141		$2.15		$4.61		0.0340769589		2.48

		$11.30		0.5186848284		144		$2.25		$5.05		0.0356643949		3.82

		Compute the slope of the least squares line

		Mean price		$9.05

		Mean demand		153.9333333333

		Sum of (price-mean)^2		$62.99

		Slope estimate		-5.2908182703		(sum of lambda_i*demand_i )

		Intercept estimate		$201.83		(mean demand - slope estimate * mean price)

		Variance Estimate		18.95		Sum of squared errors / (Sample Size -2)

		Statistical analysis

		Degrees of freedom		28

		Slope multiplier for t-distribution		0.5484037446

		Intercept mult. for t-distribution		5.0280778463

		Generate confidence level functions

		One-sided: C(r)=F(r/slope_multiplier); hence C(x*slope_multiplier)=F(x) (here F(x) is CDF of t-distribution with n-2 degrees of freedom)

		Two-sided:2*C(r)-1, I.e. 2-sided confidence level at x*slope_multiplier is 2F(x)-1 (assumes that x>=0)

		x		x times slope multiplier		x times intercept multiplier		Cumulative t-distribution function		transformed t-distribution for 2-sided CI

		-5		-2.7420187231		-25.1403892316		0.0000138667

		-4.9		-2.6871783486		-24.637581447		0.0000182274

		-4.8		-2.6323379742		-24.1347736624		0.0000239582

		-4.7		-2.5774975997		-23.6319658777		0.0000314855

		-4.6		-2.5226572253		-23.1291580931		0.0000413666

		-4.5		-2.4678168508		-22.6263503085		0.0000543277

		-4.4		-2.4129764763		-22.1235425239		0.0000713137

		-4.3		-2.3581361019		-21.6207347392		0.0000935511

		-4.2		-2.3032957274		-21.1179269546		0.0001226285

		-4.1		-2.2484553529		-20.61511917		0.0001605982

		-4		-2.1936149785		-20.1123113853		0.0002101034

		-3.9		-2.138774604		-19.6095036007		0.0002745387

		-3.8		-2.0839342296		-19.1066958161		0.0003582476

		-3.7		-2.0290938551		-18.6038880314		0.0004667686

		-3.6		-1.9742534806		-18.1010802468		0.0006071341

		-3.5		-1.9194131062		-17.5982724622		0.0007882361
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		0		0		0		0.5		0

		0.1		0.0548403745		0.5028077846		0.5394715501		0.0789431002

		0.2		0.1096807489		1.0056155693		0.5785369625		0.1570739251
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		1.7		0.9322863659		8.5477323388		0.9498924773		0.8997849546
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		2.7		1.4806901105		13.5758101851		0.9941857367		0.9883714734

		2.8		1.5355304849		14.0786179697		0.9954224279		0.9908448558

		2.9		1.5903708594		14.5814257544		0.9964085107		0.9928170214

		3		1.6452112339		15.084233539		0.9971913005		0.994382601
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		3.7		2.0290938551		18.6038880314		0.9995332314		0.9990664629

		3.8		2.0839342296		19.1066958161		0.9996417524		0.9992835047

		3.9		2.138774604		19.6095036007		0.9997254613		0.9994509227

		4		2.1936149785		20.1123113853		0.9997898966		0.9995797931

		4.1		2.2484553529		20.61511917		0.9998394018		0.9996788037

		4.2		2.3032957274		21.1179269546		0.9998773715		0.999754743

		4.3		2.3581361019		21.6207347392		0.9999064489		0.9998128978

		4.4		2.4129764763		22.1235425239		0.9999286863		0.9998573726

		4.5		2.4678168508		22.6263503085		0.9999456723		0.9998913445

		4.6		2.5226572253		23.1291580931		0.9999586334		0.9999172668

		4.7		2.5774975997		23.6319658777		0.9999685145		0.999937029

		4.8		2.6323379742		24.1347736624		0.9999760418		0.9999520837

		4.9		2.6871783486		24.637581447		0.9999817726		0.9999635451

		5		2.7420187231		0.9944157893		0.9999861333		0.9999722666
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Confidence level for one-sided CI's for slope
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associated with CI
[a-x,infty)

Confidence level for one-sided CI's for intercept
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confidence level associated with CI 
[b-x,b+x]

Confidence level for two-sided CI's for slope
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confidence level associated with CI 
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Confidence level for two-sided CI's for intercept
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		The data

		Given		a functional relationship of the form Y=a+bx+Z

				a,b known

				Z known to be normal with mean zero and known standard deviation

		Aim:		Sample Y for given values of X

		a=		200

		b=		-5

		Stdev of Z		5

		Sample size		30

		Price		Z		Demand		(price-mean)		(price-mean)^2		lambda_i		Squared error

		$7.00		-0.9028553904		164		($2.05)		$4.22		-0.032595352		3.58

		$8.00		-7.7499180406		152		($1.05)		$1.11		-0.0167209923		41.63

		$8.00		-6.5481685851		153		($1.05)		$1.11		-0.0167209923		29.72

		$7.90		3.8136931835		164		($1.15)		$1.33		-0.0183084282		26.86

		$9.10		13.1403794512		168		$0.05		$0.00		0.0007408035		184.16

		$8.90		-8.5300825958		147		($0.15)		$0.02		-0.0024340685		66.60

		$7.20		-1.7987815681		162		($1.85)		$3.43		-0.02942048		0.39

		$8.10		-12.4333382701		147		($0.95)		$0.91		-0.0151335563		122.90

		$7.60		0.3643094715		162		($1.45)		$2.11		-0.0230707361		4.35

		$7.20		7.4009903983		171		($1.85)		$3.43		-0.02942048		92.60

		$9.70		0.4266496489		152		$0.65		$0.42		0.0102654193		0.06

		$7.20		1.6719752693		166		($1.85)		$3.43		-0.02942048		21.37

		$9.00		5.4608676692		160		($0.05)		$0.00		-0.0008466325		27.09

		$7.70		-10.3325874079		151		($1.35)		$1.83		-0.0214833002		73.08

		$9.70		1.7887884951		153		$0.65		$0.42		0.0102654193		0.58

		$7.50		-7.2423063102		155		($1.55)		$2.41		-0.0246581721		27.88

		$10.70		-0.6311154266		146		$1.65		$2.71		0.026139779		6.65

		$9.90		-0.2769752427		150		$0.85		$0.72		0.0134402912		2.26

		$10.90		3.8802340896		149		$1.85		$3.41		0.029314651		1.33

		$7.10		3.9247765926		168		($1.95)		$3.82		-0.031007916		39.15

		$9.20		0.2817614586		154		$0.15		$0.02		0.0023282394		0.00

		$10.20		-1.4959994132		148		$1.15		$1.31		0.0182025992		5.79

		$10.70		2.6221982807		149		$1.65		$2.71		0.026139779		0.18

		$8.70		-8.5334704636		148		($0.35)		$0.12		-0.0056089404		62.28

		$11.60		3.218110578		145		$2.55		$6.49		0.0404267028		0.08

		$10.70		1.7012496301		148		$1.65		$2.71		0.026139779		0.33

		$10.80		0.399882083		146		$1.75		$3.05		0.027727215		4.90

		$8.80		3.0585738386		159		($0.25)		$0.06		-0.0040215045		12.07

		$11.20		9.5596078609		154		$2.15		$4.61		0.0340769589		52.56

		$11.30		3.8910457079		147		$2.25		$5.05		0.0356643949		0.38

		Compute the slope of the least squares line

		Mean price		$9.05

		Mean demand		154.6

		Sum of (price-mean)^2		$62.99

		Slope estimate		-3.6568175084		(sum of lambda_i*demand_i )

		Intercept estimate		$187.71		(mean demand - slope estimate * mean price)

		Sum of squared errors		910.82

		Statistical analysis

		Degrees of freedom		28

		Slope multiplier for normal		0.6299674542		(assumes Stdev of Z known)

		Intercept mult. for normal		5.7759003863		(assumes Stdev of Z known)

		Generate cumulative distribtuion function of the estimation errors (here the confidence level is a cdf since it does not depend on the sample, i.e. is not random)

		Theory in class: P(Z<=x)=P((b_est-b_real)/slope_multiplier<=x)=P(b_est-b_real<=slope_multiplier*x)

		x		x times slope multiplier		x times intercept multiplier		t-distribution

		-5		-3.149837271		-28.8795019313		0.0000138667

		-4.9		-3.0868405256		-28.3019118927		0.0000182274

		-4.8		-3.0238437802		-27.724321854		0.0000239582

		-4.7		-2.9608470348		-27.1467318154		0.0000314855

		-4.6		-2.8978502893		-26.5691417768		0.0000413666

		-4.5		-2.8348535439		-25.9915517382		0.0000543277

		-4.4		-2.7718567985		-25.4139616995		0.0000713137

		-4.3		-2.7088600531		-24.8363716609		0.0000935511

		-4.2		-2.6458633076		-24.2587816223		0.0001226285

		-4.1		-2.5828665622		-23.6811915837		0.0001605982

		-4		-2.5198698168		-23.103601545		0.0002101034

		-3.9		-2.4568730714		-22.5260115064		0.0002745387

		-3.8		-2.393876326		-21.9484214678		0.0003582476

		-3.7		-2.3308795805		-21.3708314292		0.0004667686

		-3.6		-2.2678828351		-20.7932413905		0.0006071341

		-3.5		-2.2048860897		-20.2156513519		0.0007882361

		-3.4		-2.1418893443		-19.6380613133		0.0010212635

		-3.3		-2.0788925989		-19.0604712747		0.0013202251

		-3.2		-2.0158958534		-18.482881236		0.0017025638

		-3.1		-1.952899108		-17.9052911974		0.0021898703

		-3		-1.8899023626		-17.3277011588		0.0028086995

		-2.9		-1.8269056172		-16.7501111201		0.0035914893

		-2.8		-1.7639088718		-16.1725210815		0.0045775721

		-2.7		-1.7009121263		-15.5949310429		0.0058142633

		-2.6		-1.6379153809		-15.0173410043		0.0073579961

		-2.5		-1.5749186355		-14.4397509656		0.0092754614

		-2.4		-1.5119218901		-13.862160927		0.0116446909

		-2.3		-1.4489251447		-13.2845708884		0.0145560074

		-2.2		-1.3859283992		-12.7069808498		0.0181127421

		-2.1		-1.3229316538		-12.1293908111		0.0224316112

		-2		-1.2599349084		-11.5518007725		0.0276426184

		-1.9		-1.196938163		-10.9742107339		0.0338883406

		-1.8		-1.1339414176		-10.3966206953		0.041322477

		-1.7		-1.0709446721		-9.8190306566		0.0501075227

		-1.6		-1.0079479267		-9.241440618		0.0604114552

		-1.5		-0.9449511813		-8.6638505794		0.072403409

		-1.4		-0.8819544359		-8.0862605408		0.08624833

		-1.3		-0.8189576905		-7.5086705021		0.1021006666

		-1.2		-0.755960945		-6.9310804635		0.1200972949

		-1.1		-0.6929641996		-6.3534904249		0.1403499261

		-1		-0.6299674542		-5.7759003863		0.1629373535

		-0.9		-0.5669707088		-5.1983103476		0.1878979759

		-0.8		-0.5039739634		-4.620720309		0.2152230907

		-0.7		-0.4409772179		-4.0431302704		0.2448514759

		-0.6		-0.3779804725		-3.4655402318		0.2766657611

		-0.5		-0.3149837271		-2.8879501931		0.3104910219

		-0.4		-0.2519869817		-2.3103601545		0.3460959212

		-0.3		-0.1889902363		-1.7327701159		0.3831965624

		-0.2		-0.1259934908		-1.1551800773		0.4214630375

		-0.1		-0.0629967454		-0.5775900386		0.4605284499

		0		0		0		0.5

		0.1		0.0629967454		0.5775900386		0.5394715501

		0.2		0.1259934908		1.1551800773		0.5785369625

		0.3		0.1889902363		1.7327701159		0.6168034376

		0.4		0.2519869817		2.3103601545		0.6539040788

		0.5		0.3149837271		2.8879501931		0.6895089781

		0.6		0.3779804725		3.4655402318		0.7233342389

		0.7		0.4409772179		4.0431302704		0.7551485241

		0.8		0.5039739634		4.620720309		0.7847769093

		0.9		0.5669707088		5.1983103476		0.8121020241

		1		0.6299674542		5.7759003863		0.8370626465

		1.1		0.6929641996		6.3534904249		0.8596500739

		1.2		0.755960945		6.9310804635		0.8799027051

		1.3		0.8189576905		7.5086705021		0.8978993334

		1.4		0.8819544359		8.0862605408		0.91375167

		1.5		0.9449511813		8.6638505794		0.927596591

		1.6		1.0079479267		9.241440618		0.9395885448

		1.7		1.0709446721		9.8190306566		0.9498924773

		1.8		1.1339414176		10.3966206953		0.958677523

		1.9		1.196938163		10.9742107339		0.9661116594

		2		1.2599349084		11.5518007725		0.9723573816

		2.1		1.3229316538		12.1293908111		0.9775683888

		2.2		1.3859283992		12.7069808498		0.9818872579

		2.3		1.4489251447		13.2845708884		0.9854439926

		2.4		1.5119218901		13.862160927		0.9883553091

		2.5		1.5749186355		14.4397509656		0.9907245386

		2.6		1.6379153809		15.0173410043		0.9926420039

		2.7		1.7009121263		15.5949310429		0.9941857367

		2.8		1.7639088718		16.1725210815		0.9954224279

		2.9		1.8269056172		16.7501111201		0.9964085107

		3		1.8899023626		17.3277011588		0.9971913005

		3.1		1.952899108		17.9052911974		0.9978101297

		3.2		2.0158958534		18.482881236		0.9982974362

		3.3		2.0788925989		19.0604712747		0.9986797749

		3.4		2.1418893443		19.6380613133		0.9989787365

		3.5		2.2048860897		20.2156513519		0.9992117639

		3.6		2.2678828351		20.7932413905		0.9993928659

		3.7		2.3308795805		21.3708314292		0.9995332314

		3.8		2.393876326		21.9484214678		0.9996417524

		3.9		2.4568730714		22.5260115064		0.9997254613

		4		2.5198698168		23.103601545		0.9997898966

		4.1		2.5828665622		23.6811915837		0.9998394018

		4.2		2.6458633076		24.2587816223		0.9998773715

		4.3		2.7088600531		24.8363716609		0.9999064489

		4.4		2.7718567985		25.4139616995		0.9999286863

		4.5		2.8348535439		25.9915517382		0.9999456723

		4.6		2.8978502893		26.5691417768		0.9999586334

		4.7		2.9608470348		27.1467318154		0.9999685145

		4.8		3.0238437802		27.724321854		0.9999760418

		4.9		3.0868405256		28.3019118927		0.9999817726

		5		3.149837271		0.8656658989		0.9999861333
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		The data

		Given		a functional relationship of the form Y=a+bx+Z

				a,b known

				Z known to be normal with mean zero and known standard deviation

		Aim:		Sample Y for given values of X

		a=		200

		b=		-5

		Stdev of Z		5

		Sample size		30

		Price		Z		Demand		(price-mean)		(price-mean)^2		lambda_i		Squared error

		$7.00		-8.3169652498		157		($2.05)		$4.22		-0.032595352		79.02

		$8.00		3.63017989		164		($1.05)		$1.11		-0.0167209923		11.11

		$8.00		13.3772118716		173		($1.05)		$1.11		-0.0167209923		152.10

		$7.90		0.761906449		161		($1.15)		$1.33		-0.0183084282		0.04

		$9.10		-0.732177341		154		$0.05		$0.00		0.0007408035		0.85

		$8.90		-10.2729700302		145		($0.15)		$0.02		-0.0024340685		120.28

		$7.20		-3.7198333303		160		($1.85)		$3.43		-0.02942048		23.47

		$8.10		4.2111082621		164		($0.95)		$0.91		-0.0151335563		14.86

		$7.60		2.1025243768		164		($1.45)		$2.11		-0.0230707361		1.55

		$7.20		8.8346496341		173		($1.85)		$3.43		-0.02942048		66.50

		$9.70		7.2102011472		159		$0.65		$0.42		0.0102654193		51.99

		$7.20		-5.990216323		158		($1.85)		$3.43		-0.02942048		46.85

		$9.00		-8.3198074208		147		($0.05)		$0.00		-0.0008466325		71.32

		$7.70		-4.0325858208		157		($1.35)		$1.83		-0.0214833002		27.39

		$9.70		-1.9648155103		150		$0.65		$0.42		0.0102654193		3.20

		$7.50		4.2211354412		167		($1.55)		$2.41		-0.0246581721		13.85

		$10.70		-4.8197648539		142		$1.65		$2.71		0.026139779		20.86

		$9.90		0.8913275451		151		$0.85		$0.72		0.0134402912		0.06

		$10.90		-0.266504685		145		$1.85		$3.41		0.029314651		0.27

		$7.10		9.922996469		174		($1.95)		$3.82		-0.031007916		74.52

		$9.20		-0.131183242		154		$0.15		$0.02		0.0023282394		0.16

		$10.20		7.2046077548		156		$1.15		$1.31		0.0182025992		46.53

		$10.70		0.8402196272		147		$1.65		$2.71		0.026139779		0.19

		$8.70		-9.979976312		147		($0.35)		$0.12		-0.0056089404		100.24

		$11.60		3.7548147702		146		$2.55		$6.49		0.0404267028		17.08

		$10.70		-1.8973651095		145		$1.65		$2.71		0.026139779		2.46

		$10.80		5.3710778047		151		$1.75		$3.05		0.027727215		24.55

		$8.80		5.9825197241		162		($0.25)		$0.06		-0.0040215045		30.36

		$11.20		-0.8715460353		143		$2.15		$4.61		0.0340769589		0.91

		$11.30		-4.0974896365		139		$2.25		$5.05		0.0356643949		19.66

				x		x^2*sigma^2		multiplier		Standard Deviation				Estimated Revenues		Est.Rev-2Std		Est+2Std

		-1		$0.00		0		$1.33		$0.00				$0.00		$0.00		$0.00

		-0.95		$0.45		5.1226777778		$1.21		$2.49				$90.57		$85.60		$95.54

		-0.9		$0.91		20.4907111111		$1.09		$4.72				$179.00		$169.56		$188.44

		-0.85		$1.36		46.1041		$0.97		$6.70				$265.29		$251.89		$278.69

		-0.8		$1.81		81.9628444444		$0.87		$8.43				$349.44		$332.59		$366.29

		-0.75		$2.26		128.0669444444		$0.77		$9.90				$431.45		$411.65		$451.25

		-0.7		$2.72		184.4164		$0.67		$11.12				$511.32		$489.07		$533.56

		-0.65		$3.17		251.0112111111		$0.58		$12.10				$589.05		$564.85		$613.24

		-0.6		$3.62		327.8513777778		$0.50		$12.83				$664.64		$638.98		$690.29

		-0.55		$4.07		414.9369		$0.43		$13.31				$738.08		$711.47		$764.70

		-0.5		$4.53		512.2677777778		$0.36		$13.55				$809.39		$782.29		$836.50

		-0.45		$4.98		619.8440111111		$0.30		$13.56				$878.56		$851.43		$905.69

		-0.4		$5.43		737.6656		$0.24		$13.35				$945.59		$918.90		$972.29

		-0.35		$5.88		865.7325444444		$0.19		$12.92				$1,010.48		$984.65		$1,036.31

		-0.3		$6.34		1004.0448444444		$0.15		$12.29				$1,073.23		$1,048.65		$1,097.81

		-0.25		$6.79		1152.6025		$0.11		$11.50				$1,133.84		$1,110.84		$1,156.83

		-0.2		$7.24		1311.4055111111		$0.09		$10.58				$1,192.30		$1,171.14		$1,213.47

		-0.15		$7.70		1480.4538777778		$0.06		$9.63				$1,248.63		$1,229.38		$1,267.89

		-0.1		$8.15		1659.7476		$0.05		$8.77				$1,302.82		$1,285.28		$1,320.36

		-0.05		$8.60		1849.2866777778		$0.04		$8.23				$1,354.87		$1,338.42		$1,371.32

		0		$9.05		2049.0711111111		$0.03		$8.26				$1,404.78		$1,388.25		$1,421.30

		0.05		$9.51		2259.1009		$0.04		$9.09				$1,452.54		$1,434.36		$1,470.73

		0.1		$9.96		2479.3760444444		$0.05		$10.72				$1,498.17		$1,476.73		$1,519.61

		0.15		$10.41		2709.8965444444		$0.06		$13.03				$1,541.66		$1,515.61		$1,567.71

		0.2		$10.86		2950.6624		$0.09		$15.87				$1,583.01		$1,551.26		$1,614.75

		0.25		$11.32		3201.6736111111		$0.11		$19.16				$1,622.21		$1,583.89		$1,660.53

		0.3		$11.77		3462.9301777778		$0.15		$22.82				$1,659.28		$1,613.63		$1,704.93

		0.35		$12.22		3734.4321		$0.19		$26.83				$1,694.21		$1,640.55		$1,747.86

		0.4		$12.67		4016.1793777778		$0.24		$31.14				$1,726.99		$1,664.71		$1,789.28

		0.45		$13.13		4308.1720111111		$0.30		$35.76				$1,757.64		$1,686.12		$1,829.16

		0.5		$13.58		4610.41		$0.36		$40.66				$1,786.15		$1,704.82		$1,867.47

		0.55		$14.03		4922.8933444444		$0.43		$45.84				$1,812.51		$1,720.83		$1,904.20

		0.6		$14.49		5245.6220444444		$0.50		$51.30				$1,836.74		$1,734.14		$1,939.34

		0.65		$14.94		5578.5961		$0.58		$57.03				$1,858.83		$1,744.76		$1,972.89

		0.7		$15.39		5921.8155111111		$0.67		$63.03				$1,878.77		$1,752.71		$2,004.83

		0.75		$15.84		6275.2802777778		$0.77		$69.30				$1,896.58		$1,757.99		$2,035.17

		0.8		$16.30		6638.9904		$0.87		$75.83				$1,912.25		$1,760.59		$2,063.90

		0.85		$16.75		7012.9458777778		$0.97		$82.62				$1,925.77		$1,760.53		$2,091.01

		0.9		$17.20		7397.1467111111		$1.09		$89.68				$1,937.16		$1,757.80		$2,116.52

		0.95		$17.65		7791.5929		$1.21		$97.00				$1,946.40		$1,752.40		$2,140.40

		1		$18.11		8196.2844444444		$1.33		$104.58				$1,953.51		$1,744.34		$2,162.67

		1.05		$18.56		8611.2213444444		$1.47		$112.43				$1,958.47		$1,733.62		$2,183.33

		1.1		$19.01		9036.4036		$1.61		$120.53				$1,961.30		$1,720.24		$2,202.36

		1.15		$19.46		9471.8312111111		$1.75		$128.90				$1,961.99		$1,704.19		$2,219.78

		1.2		$19.92		9917.5041777778		$1.91		$137.52				$1,960.53		$1,685.49		$2,235.57

		1.25		$20.37		10373.4225		$2.07		$146.41				$1,956.94		$1,664.12		$2,249.75

		1.3		$20.82		10839.5861777778		$2.23		$155.55				$1,951.20		$1,640.10		$2,262.30

		1.35		$21.28		11315.9952111111		$2.40		$164.96				$1,943.33		$1,613.41		$2,273.24

		1.4		$21.73		11802.6496		$2.58		$174.62				$1,933.31		$1,584.07		$2,282.55

		1.45		$22.18		12299.5493444444		$2.77		$184.54				$1,921.16		$1,552.07		$2,290.24

		1.5		$22.63		12806.6944444444		$2.96		$194.73				$1,906.86		$1,517.41		$2,296.31

		1.55		$23.09		13324.0849		$3.16		$205.17				$1,890.42		$1,480.09		$2,300.76

		1.6		$23.54		13851.7207111111		$3.36		$215.87				$1,871.85		$1,440.11		$2,303.59

		Compute the slope of the least squares line

		Mean price		$9.05

		Mean demand		155.1666666667

		Sum of (price-mean)^2		$62.99

		Slope estimate		-5.2221352072		(sum of lambda_i*demand_i )

		Intercept estimate		$202.44		(mean demand - slope estimate * mean price)

		Sum of squared errors		1022.26

		Statistical analysis

		Degrees of freedom		28

		Slope multiplier for normal		0.6299674542		(assumes Stdev of Z known)

		Intercept mult. for normal		5.7759003863		(assumes Stdev of Z known)

		Generate cumulative distribtuion function of the estimation errors (here the confidence level is a cdf since it does not depend on the sample, i.e. is not random)

		Theory in class: P(Z<=x)=P((b_est-b_real)/slope_multiplier<=x)=P(b_est-b_real<=slope_multiplier*x)

		x		x times slope multiplier		x times intercept multiplier		t-distribution

		-5		-3.149837271		-28.8795019313		0.0000138667

		-4.9		-3.0868405256		-28.3019118927		0.0000182274

		-4.8		-3.0238437802		-27.724321854		0.0000239582

		-4.7		-2.9608470348		-27.1467318154		0.0000314855

		-4.6		-2.8978502893		-26.5691417768		0.0000413666

		-4.5		-2.8348535439		-25.9915517382		0.0000543277

		-4.4		-2.7718567985		-25.4139616995		0.0000713137

		-4.3		-2.7088600531		-24.8363716609		0.0000935511

		-4.2		-2.6458633076		-24.2587816223		0.0001226285

		-4.1		-2.5828665622		-23.6811915837		0.0001605982

		-4		-2.5198698168		-23.103601545		0.0002101034

		-3.9		-2.4568730714		-22.5260115064		0.0002745387

		-3.8		-2.393876326		-21.9484214678		0.0003582476

		-3.7		-2.3308795805		-21.3708314292		0.0004667686

		-3.6		-2.2678828351		-20.7932413905		0.0006071341

		-3.5		-2.2048860897		-20.2156513519		0.0007882361

		-3.4		-2.1418893443		-19.6380613133		0.0010212635

		-3.3		-2.0788925989		-19.0604712747		0.0013202251

		-3.2		-2.0158958534		-18.482881236		0.0017025638

		-3.1		-1.952899108		-17.9052911974		0.0021898703

		-3		-1.8899023626		-17.3277011588		0.0028086995

		-2.9		-1.8269056172		-16.7501111201		0.0035914893

		-2.8		-1.7639088718		-16.1725210815		0.0045775721

		-2.7		-1.7009121263		-15.5949310429		0.0058142633

		-2.6		-1.6379153809		-15.0173410043		0.0073579961

		-2.5		-1.5749186355		-14.4397509656		0.0092754614

		-2.4		-1.5119218901		-13.862160927		0.0116446909

		-2.3		-1.4489251447		-13.2845708884		0.0145560074

		-2.2		-1.3859283992		-12.7069808498		0.0181127421

		-2.1		-1.3229316538		-12.1293908111		0.0224316112

		-2		-1.2599349084		-11.5518007725		0.0276426184

		-1.9		-1.196938163		-10.9742107339		0.0338883406

		-1.8		-1.1339414176		-10.3966206953		0.041322477

		-1.7		-1.0709446721		-9.8190306566		0.0501075227

		-1.6		-1.0079479267		-9.241440618		0.0604114552

		-1.5		-0.9449511813		-8.6638505794		0.072403409

		-1.4		-0.8819544359		-8.0862605408		0.08624833

		-1.3		-0.8189576905		-7.5086705021		0.1021006666

		-1.2		-0.755960945		-6.9310804635		0.1200972949

		-1.1		-0.6929641996		-6.3534904249		0.1403499261

		-1		-0.6299674542		-5.7759003863		0.1629373535

		-0.9		-0.5669707088		-5.1983103476		0.1878979759

		-0.8		-0.5039739634		-4.620720309		0.2152230907

		-0.7		-0.4409772179		-4.0431302704		0.2448514759

		-0.6		-0.3779804725		-3.4655402318		0.2766657611

		-0.5		-0.3149837271		-2.8879501931		0.3104910219

		-0.4		-0.2519869817		-2.3103601545		0.3460959212

		-0.3		-0.1889902363		-1.7327701159		0.3831965624

		-0.2		-0.1259934908		-1.1551800773		0.4214630375

		-0.1		-0.0629967454		-0.5775900386		0.4605284499

		0		0		0		0.5

		0.1		0.0629967454		0.5775900386		0.5394715501

		0.2		0.1259934908		1.1551800773		0.5785369625

		0.3		0.1889902363		1.7327701159		0.6168034376

		0.4		0.2519869817		2.3103601545		0.6539040788

		0.5		0.3149837271		2.8879501931		0.6895089781

		0.6		0.3779804725		3.4655402318		0.7233342389

		0.7		0.4409772179		4.0431302704		0.7551485241

		0.8		0.5039739634		4.620720309		0.7847769093

		0.9		0.5669707088		5.1983103476		0.8121020241

		1		0.6299674542		5.7759003863		0.8370626465

		1.1		0.6929641996		6.3534904249		0.8596500739

		1.2		0.755960945		6.9310804635		0.8799027051

		1.3		0.8189576905		7.5086705021		0.8978993334

		1.4		0.8819544359		8.0862605408		0.91375167

		1.5		0.9449511813		8.6638505794		0.927596591

		1.6		1.0079479267		9.241440618		0.9395885448

		1.7		1.0709446721		9.8190306566		0.9498924773

		1.8		1.1339414176		10.3966206953		0.958677523

		1.9		1.196938163		10.9742107339		0.9661116594

		2		1.2599349084		11.5518007725		0.9723573816

		2.1		1.3229316538		12.1293908111		0.9775683888

		2.2		1.3859283992		12.7069808498		0.9818872579

		2.3		1.4489251447		13.2845708884		0.9854439926

		2.4		1.5119218901		13.862160927		0.9883553091

		2.5		1.5749186355		14.4397509656		0.9907245386

		2.6		1.6379153809		15.0173410043		0.9926420039

		2.7		1.7009121263		15.5949310429		0.9941857367

		2.8		1.7639088718		16.1725210815		0.9954224279

		2.9		1.8269056172		16.7501111201		0.9964085107

		3		1.8899023626		17.3277011588		0.9971913005

		3.1		1.952899108		17.9052911974		0.9978101297

		3.2		2.0158958534		18.482881236		0.9982974362

		3.3		2.0788925989		19.0604712747		0.9986797749

		3.4		2.1418893443		19.6380613133		0.9989787365

		3.5		2.2048860897		20.2156513519		0.9992117639

		3.6		2.2678828351		20.7932413905		0.9993928659

		3.7		2.3308795805		21.3708314292		0.9995332314

		3.8		2.393876326		21.9484214678		0.9996417524

		3.9		2.4568730714		22.5260115064		0.9997254613

		4		2.5198698168		23.103601545		0.9997898966

		4.1		2.5828665622		23.6811915837		0.9998394018

		4.2		2.6458633076		24.2587816223		0.9998773715

		4.3		2.7088600531		24.8363716609		0.9999064489

		4.4		2.7718567985		25.4139616995		0.9999286863

		4.5		2.8348535439		25.9915517382		0.9999456723

		4.6		2.8978502893		26.5691417768		0.9999586334

		4.7		2.9608470348		27.1467318154		0.9999685145

		4.8		3.0238437802		27.724321854		0.9999760418

		4.9		3.0868405256		28.3019118927		0.9999817726

		5		3.149837271		0.8656658989		0.9999861333
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Lower Bound

Upper Bound

Estimator

Revenue

Estimated Expected Revenues +/- 2 Standard Deviations

0

0

0

84.5140302085

94.4627456327

89.4883879206

167.5089705915

186.3888549789

176.9489127852

248.9835185807

275.7796306069

262.3815745938

328.9360575073

362.6366891857

345.7863733465

407.3645569848

446.9620611016

427.1633090432

484.2664333475

528.7583300204

506.512381684

559.6383504347

608.0288321028

583.8335912687

633.4759292904

684.7779463047

659.1269377975

705.7733153611

759.0115271796

732.3924212704

776.5225167357

830.7375666387

803.6300416872

845.7123637187

899.9672343776

872.8397990481

913.3268224276

966.7165642786

940.0216933531

979.3421703855

1031.0092788187

1005.1757246021

1043.7221041471

1092.8816814431

1068.3018927951

1106.4089969237

1152.3913989405

1129.4001979321

1167.3079645498

1209.6333154766

1188.4706400132

1226.2582315813

1264.7682064952

1245.5132190383

1282.9871227741

1318.0687472408

1300.5279350074

1337.0638679469

1369.9657078943

1353.5147879206

1387.9447281535

1421.002827402

1404.4737777778

1435.2223088186

1471.5875003394

1453.404904579

1478.8693978168

1521.7469388317

1500.3081683243

1519.1327036307

1571.2344343965

1545.1835690136

1556.2870934518

1619.775119842

1588.0311066469

1590.5321128769

1667.1694495717

1628.8507812243

1621.994413828

1713.2907716634

1667.6425927457

1650.7522362997

1758.0608461225

1704.4065412111

1676.854594461

1801.4306587802

1739.1426266206

1700.3330649236

1843.3686330245

1771.8508489741

1721.2086334171

1883.8537831261

1802.5312082716

1739.495673048

1922.8717359783

1831.1837045132

1755.2043036701

1960.4123717274

1857.8083376988

1768.3418296107

1996.4683860461

1882.4051078284

1778.9136409955

2031.0343888086

1904.974014902

1786.923794511

2064.1063233285

1925.5150589197

1792.3753973288

2095.6810824342

1944.0282398815

1795.2708669591

2125.7562486154

1960.5135577872

1795.6121109564

2154.3299143177

1974.971012637

1793.4006536583

2181.4005552034

1987.4006044309

1788.637727181

2206.9669391564

1997.8023331687

1781.3243378245

2231.0280598767

2006.1761988506

1771.4613152591

2253.583087694

2012.5222014765

1759.0493494587

2274.6313326342

2016.8403410465

1744.0890187822

2294.1722163387

2019.1306175605

1726.5808115717

2312.2052504653

2019.3930310185

1706.5251429426

2328.7300198986

2017.6275814206

1683.922367964

2343.7461695693

2013.8342687666

1658.7727921016

2357.253394012

2008.0130930568

1631.0766795601

2369.2514290217

2000.1640542909

1600.8342600031

2379.7400449351

1990.2871524691

1568.0457340035

2388.7190411792

1978.3823875913

1532.7112774965

2396.1882418187

1964.4497596576



		The data

		Sample size		30

		Price		Demand		(price-mean)		(price-mean)^2		lambda_i		Squared error

		$7.00		167		($2.05)		$4.22		-0.032595352		4.68

		$8.00		153		($1.05)		$1.11		-0.0167209923		44.96

		$8.00		161		($1.05)		$1.11		-0.0167209923		1.68

		$7.90		155		($1.15)		$1.33		-0.0183084282		27.24

		$9.10		156		$0.05		$0.00		0.0007408035		3.76

		$8.90		156		($0.15)		$0.02		-0.0024340685		0.83

		$7.20		157		($1.85)		$3.43		-0.02942048		46.39

		$8.10		150		($0.95)		$0.91		-0.0151335563		84.50

		$7.60		159		($1.45)		$2.11		-0.0230707361		7.61

		$7.20		170		($1.85)		$3.43		-0.02942048		38.30

		$9.70		159		$0.65		$0.42		0.0102654193		64.30

		$7.20		170		($1.85)		$3.43		-0.02942048		38.30

		$9.00		157		($0.05)		$0.00		-0.0008466325		5.89

		$7.70		162		($1.35)		$1.83		-0.0214833002		0.57

		$9.70		151		$0.65		$0.42		0.0102654193		0.00

		$7.50		165		($1.55)		$2.41		-0.0246581721		7.44

		$10.70		142		$1.65		$2.71		0.026139779		14.82

		$9.90		146		$0.85		$0.72		0.0134402912		15.64

		$10.90		146		$1.85		$3.41		0.029314651		1.38

		$7.10		163		($1.95)		$3.82		-0.031007916		1.75

		$9.20		147		$0.15		$0.02		0.0023282394		42.87

		$10.20		147		$1.15		$1.31		0.0182025992		2.00

		$10.70		144		$1.65		$2.71		0.026139779		3.42

		$8.70		162		($0.35)		$0.12		-0.0056089404		34.65

		$11.60		138		$2.55		$6.49		0.0404267028		10.44

		$10.70		152		$1.65		$2.71		0.026139779		37.83

		$10.80		153		$1.75		$3.05		0.027727215		58.73

		$8.80		160		($0.25)		$0.06		-0.0040215045		19.36

		$11.20		140		$2.15		$4.61		0.0340769589		10.78

		$11.30		141		$2.25		$5.05		0.0356643949		3.13

		Compute the slope of the least squares line

		Mean price		$9.05

		Mean demand		154.3

		Sum of (price-mean)^2		$62.99

		Slope estimate		-5.132		(sum of lambda_i*demand_i )

		Intercept estimate		200.760		(mean demand - slope estimate * mean price)

		Sum of squared errors		633.271

		Statistical analysis

		Degrees of freedom		28

		Slope multiplier for t-distribution		0.599

		Intercept multiplier for t-distribution		5.494

		Generate cumulative distribtuion function of the estimation error

		Theory in class: P(T(n-2)<=x)=P((b_est-b_real)/slope_multiplier<=x)=P(b_est-b_real<=slope_multiplier*x)

		x		x times slope_multiplier		x times intercept_multiplier		t-distribution

		-5		-2.995946192		-27.4685408777		0.0000138667

		-4.9		-2.9360272681		-26.9191700601		0.0000182274

		-4.8		-2.8761083443		-26.3697992426		0.0000239582

		-4.7		-2.8161894204		-25.820428425		0.0000314855

		-4.6		-2.7562704966		-25.2710576075		0.0000413666

		-4.5		-2.6963515728		-24.7216867899		0.0000543277

		-4.4		-2.6364326489		-24.1723159724		0.0000713137

		-4.3		-2.5765137251		-23.6229451548		0.0000935511

		-4.2		-2.5165948012		-23.0735743372		0.0001226285

		-4.1		-2.4566758774		-22.5242035197		0.0001605982

		-4		-2.3967569536		-21.9748327021		0.0002101034

		-3.9		-2.3368380297		-21.4254618846		0.0002745387

		-3.8		-2.2769191059		-20.876091067		0.0003582476

		-3.7		-2.2170001821		-20.3267202495		0.0004667686

		-3.6		-2.1570812582		-19.7773494319		0.0006071341

		-3.5		-2.0971623344		-19.2279786144		0.0007882361

		-3.4		-2.0372434105		-18.6786077968		0.0010212635

		-3.3		-1.9773244867		-18.1292369793		0.0013202251

		-3.2		-1.9174055629		-17.5798661617		0.0017025638

		-3.1		-1.857486639		-17.0304953442		0.0021898703

		-3		-1.7975677152		-16.4811245266		0.0028086995

		-2.9		-1.7376487913		-15.931753709		0.0035914893

		-2.8		-1.6777298675		-15.3823828915		0.0045775721

		-2.7		-1.6178109437		-14.8330120739		0.0058142633

		-2.6		-1.5578920198		-14.2836412564		0.0073579961

		-2.5		-1.497973096		-13.7342704388		0.0092754614

		-2.4		-1.4380541721		-13.1848996213		0.0116446909

		-2.3		-1.3781352483		-12.6355288037		0.0145560074

		-2.2		-1.3182163245		-12.0861579862		0.0181127421

		-2.1		-1.2582974006		-11.5367871686		0.0224316112

		-2		-1.1983784768		-10.9874163511		0.0276426184

		-1.9		-1.1384595529		-10.4380455335		0.0338883406

		-1.8		-1.0785406291		-9.888674716		0.041322477

		-1.7		-1.0186217053		-9.3393038984		0.0501075227

		-1.6		-0.9587027814		-8.7899330809		0.0604114552

		-1.5		-0.8987838576		-8.2405622633		0.072403409

		-1.4		-0.8388649337		-7.6911914457		0.08624833

		-1.3		-0.7789460099		-7.1418206282		0.1021006666

		-1.2		-0.7190270861		-6.5924498106		0.1200972949

		-1.1		-0.6591081622		-6.0430789931		0.1403499261

		-1		-0.5991892384		-5.4937081755		0.1629373535

		-0.9		-0.5392703146		-4.944337358		0.1878979759

		-0.8		-0.4793513907		-4.3949665404		0.2152230907

		-0.7		-0.4194324669		-3.8455957229		0.2448514759

		-0.6		-0.359513543		-3.2962249053		0.2766657611

		-0.5		-0.2995946192		-2.7468540878		0.3104910219

		-0.4		-0.2396756954		-2.1974832702		0.3460959212

		-0.3		-0.1797567715		-1.6481124527		0.3831965624

		-0.2		-0.1198378477		-1.0987416351		0.4214630375

		-0.1		-0.0599189238		-0.5493708176		0.4605284499

		0		0		0		0.5

		0.1		0.0599189238		0.5493708176		0.5394715501

		0.2		0.1198378477		1.0987416351		0.5785369625

		0.3		0.1797567715		1.6481124527		0.6168034376

		0.4		0.2396756954		2.1974832702		0.6539040788

		0.5		0.2995946192		2.7468540878		0.6895089781

		0.6		0.359513543		3.2962249053		0.7233342389

		0.7		0.4194324669		3.8455957229		0.7551485241

		0.8		0.4793513907		4.3949665404		0.7847769093

		0.9		0.5392703146		4.944337358		0.8121020241

		1		0.5991892384		5.4937081755		0.8370626465

		1.1		0.6591081622		6.0430789931		0.8596500739

		1.2		0.7190270861		6.5924498106		0.8799027051

		1.3		0.7789460099		7.1418206282		0.8978993334

		1.4		0.8388649337		7.6911914457		0.91375167

		1.5		0.8987838576		8.2405622633		0.927596591

		1.6		0.9587027814		8.7899330809		0.9395885448

		1.7		1.0186217053		9.3393038984		0.9498924773

		1.8		1.0785406291		9.888674716		0.958677523

		1.9		1.1384595529		10.4380455335		0.9661116594

		2		1.1983784768		10.9874163511		0.9723573816

		2.1		1.2582974006		11.5367871686		0.9775683888

		2.2		1.3182163245		12.0861579862		0.9818872579

		2.3		1.3781352483		12.6355288037		0.9854439926

		2.4		1.4380541721		13.1848996213		0.9883553091

		2.5		1.497973096		13.7342704388		0.9907245386

		2.6		1.5578920198		14.2836412564		0.9926420039

		2.7		1.6178109437		14.8330120739		0.9941857367

		2.8		1.6777298675		15.3823828915		0.9954224279

		2.9		1.7376487913		15.931753709		0.9964085107

		3		1.7975677152		16.4811245266		0.9971913005

		3.1		1.857486639		17.0304953442		0.9978101297

		3.2		1.9174055629		17.5798661617		0.9982974362

		3.3		1.9773244867		18.1292369793		0.9986797749

		3.4		2.0372434105		18.6786077968		0.9989787365

		3.5		2.0971623344		19.2279786144		0.9992117639

		3.6		2.1570812582		19.7773494319		0.9993928659

		3.7		2.2170001821		20.3267202495		0.9995332314

		3.8		2.2769191059		20.876091067		0.9996417524

		3.9		2.3368380297		21.4254618846		0.9997254613

		4		2.3967569536		21.9748327021		0.9997898966

		4.1		2.4566758774		22.5242035197		0.9998394018

		4.2		2.5165948012		23.0735743372		0.9998773715

		4.3		2.5765137251		23.6229451548		0.9999064489

		4.4		2.6364326489		24.1723159724		0.9999286863

		4.5		2.6963515728		24.7216867899		0.9999456723

		4.6		2.7562704966		25.2710576075		0.9999586334

		4.7		2.8161894204		25.820428425		0.9999685145

		4.8		2.8761083443		26.3697992426		0.9999760418

		4.9		2.9360272681		26.9191700601		0.9999817726

		5		2.995946192		27.4685408777		0.9999861333
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_1035695797.xls
Trucks Data

		TRUCKS DATA

		COST		AGE		MAKE		MILES

		3.38		1		0		47

		5.29		5		1		48

		3.30		3		0		43

		5.03		7		1		49

		5.85		8		1		41

		3.60		3		0		38

		4.71		4		0		49

		4.66		6		1		45

		3.22		1		0		38

		6.00		10		1		44

		5.42		6		1		48

		3.57		3		0		37

		4.39		4		0		35

		2.83		0		0		50

		5.15		6		0		45

		4.12		3		1		37

		3.14		1		0		46

		6.55		10		1		48

		3.08		1		0		32

		4.57		6		0		43

		3.48		1		0		45

		5.38		8		0		35

		5.03		8		1		39

		3.49		3		0		43

		5.47		8		1		33

		4.60		5		1		46

		4.48		5		0		39

		4.36		4		0		42

		4.63		6		1		37

		4.05		5		1		35





Trucks solution

		TRUCKS DATA

		COST		AGE		MAKE		MILES				SUMMARY OUTPUT

		3.38		1		0		47

		5.29		5		1		48				Regression Statistics

		3.30		3		0		43				Multiple R		0.9530023035

		5.03		7		1		49				R Square		0.9082133905

		5.85		8		1		41				Adjusted R Square		0.8976226278

		3.60		3		0		38				Standard Error		0.3115330146

		4.71		4		0		49				Observations		30

		4.66		6		1		45

		3.22		1		0		38				ANOVA

		6.00		10		1		44						df		SS		MS		F		Significance F

		5.42		6		1		48				Regression		3		24.9683633675		8.3227877892		85.7552398572		0

		3.57		3		0		37				Residual		26		2.5233732992		0.0970528192

		4.39		4		0		35				Total		29		27.4917366667

		2.83		0		0		50

		5.15		6		0		45						Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%

		4.12		3		1		37				Intercept		1.8155528093		0.4774148899		3.8028826661		0.0007800807		0.8342118057		2.796893813		0.8342118057		2.796893813

		3.14		1		0		46				AGE		0.3235513428		0.027489134		11.7701540883		0		0.2670465816		0.380056104		0.2670465816		0.380056104

		6.55		10		1		48				MAKE		0.0851080659		0.1506585937		0.5649068124		0.5769792991		-0.2245753115		0.3947914433		-0.2245753115		0.3947914433

		3.08		1		0		32				MILES		0.025168076		0.0109743572		2.2933530867		0.0301613557		0.0026099469		0.0477262051		0.0026099469		0.0477262051

		4.57		6		0		43

		3.48		1		0		45

		5.38		8		0		35

		5.03		8		1		39				RESIDUAL OUTPUT										PROBABILITY OUTPUT

		3.49		3		0		43

		5.47		8		1		33				Observation		Predicted COST		Residuals		Standard Residuals				Percentile		COST

		4.60		5		1		46				1		3.322003724		0.057996276		0.1966112458				1.6666666667		2.83

		4.48		5		0		39				2		4.7264852371		0.5635147629		1.9103526512				5		3.08

		4.36		4		0		42				3		3.8684341056		-0.5684341056		-1.9270295513				8.3333333333		3.14

		4.63		6		1		37				4		5.3987559987		-0.3687559987		-1.2501074437				11.6666666667		3.22

		4.05		5		1		35				5		5.5209627335		0.3290372665		1.115458291				15		3.3

												6		3.7425937256		-0.1425937256		-0.4834022456				18.3333333333		3.38

												7		4.3429939044		0.3670060956		1.2441751554				21.6666666667		3.48

												8		4.9745323519		-0.3145323519		-1.0662856626				25		3.49

												9		3.09549104		0.12450896		0.4220936831				28.3333333333		3.57

												10		6.2435696471		-0.2435696471		-0.8257173577				31.6666666667		3.6

												11		5.0500365799		0.3699634201		1.2542006829				35		4.05

												12		3.7174256496		-0.1474256496		-0.4997827904				38.3333333333		4.12

												13		3.9906408404		0.3993591596		1.3538542013				41.6666666667		4.36

												14		3.0739566092		-0.2439566092		-0.8270291852				45		4.39

												15		4.889424286		0.260575714		0.8833690594				48.3333333333		4.48

												16		3.8025337155		0.3174662845		1.0762318898				51.6666666667		4.57

												17		3.296835648		-0.156835648		-0.5316833129				55		4.6

												18		6.3442419511		0.2057580489		0.6975335167				58.3333333333		4.63

												19		2.9444825841		0.1355174159		0.4594130835				61.6666666667		4.66

												20		4.839088134		-0.269088134		-0.9122267313				65		4.71

												21		3.271667572		0.208332428		0.7062608334				68.3333333333		5.03

												22		5.2848462116		0.0951537884		0.3225776926				71.6666666667		5.03

												23		5.4706265815		-0.4406265815		-1.4937535156				75		5.15

												24		3.8684341056		-0.3784341056		-1.2829168721				78.3333333333		5.29

												25		5.3196181255		0.1503818745		0.5098045899				81.6666666667		5.38

												26		4.6761490851		-0.0761490851		-0.2581504802				85		5.42

												27		4.4148644872		0.0651355128		0.220813735				88.3333333333		5.47

												28		4.1668173724		0.1931826276		0.6549019991				91.6666666667		5.85

												29		4.7731877439		-0.1431877439		-0.4854160072				95		6

												30		4.3993002491		-0.3493002491		-1.1841511544				98.3333333333		6.55
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		JANUARY DATA

		YEAR		JANUARYCHAN		YEARLYCHAN

		1950		0.017		0.218

		1951		0.061		0.165

		1952		0.016		0.118

		1953		-0.007		-0.066

		1954		0.051		0.45

		1955		0.018		0.264

		1956		-0.036		0.026

		1957		-0.042		-0.143

		1958		0.043		0.381

		1959		0.004		0.085

		1960		-0.071		-0.03

		1961		0.063		0.231

		1962		-0.038		-0.118

		1963		0.049		0.189

		1964		0.027		0.13

		1965		0.033		0.091

		1966		0.005		-0.131

		1967		0.078		0.201

		1968		-0.044		0.077

		1969		-0.008		-0.114

		1970		-0.076		0.001

		1971		0.04		0.108

		1972		0.018		0.156

		1973		-0.017		-0.174

		1974		-0.01		-0.297

		1975		0.123		0.315

		1976		0.118		0.191

		1977		-0.051		-0.115

		1978		-0.062		0.011

		1979		0.04		0.123

		1980		0.058		0.258

		1981		-0.046		-0.097

		1982		-0.018		0.148

		1983		0.033		0.173

		1984		-0.009		0.014

		1985		0.074		0.26

		1986		0.005		0.149

		1987		0.132		0.02





		VCR DATA

		SALES		PERIOD		Q1		Q2		Q3		Q4

		201		1		1		0		0		0

		191		2		0		1		0		0

		210		3		0		0		1		0

		250		4		0		0		0		1

		231		5		1		0		0		0

		220		6		0		1		0		0

		245		7		0		0		1		0

		308		8		0		0		0		1

		259		9		1		0		0		0

		241		10		0		1		0		0

		291		11		0		0		1		0

		360		12		0		0		0		1

		300		13		1		0		0		0

		280		14		0		1		0		0

		360		15		0		0		1		0

		395		16		0		0		0		1





		QKITCHEN DATA

		SALES		PROM		ADV		INDEX		Q1		Q2		Q3		Q4

		504.72		15.6		30		100		1		0		0		0

		406.59		22.2		36		102		0		1		0		0

		398.55		0		45		104		0		0		1		0

		587.76		0		57		104		0		0		0		1

		598.92		0		39		104		1		0		0		0

		703.62		31.8		21		100		0		1		0		0

		387.24		21.3		12		98		0		0		1		0

		365.67		3.9		6		96		0		0		0		1

		388.71		0		6		98		1		0		0		0

		372.96		8.4		30		103		0		1		0		0

		603.3		45.3		30		105		0		0		1		0

		614.73		50.1		33		107		0		0		0		1

		484.38		39.6		6		107		1		0		0		0

		227.76		4.2		33		107		0		1		0		0

		329.13		0		6		108		0		0		1		0

		308.25		0		3		105		0		0		0		1

		433.86		0		45		103		1		0		0		0

		514.98		13.8		48		108		0		1		0		0

		404.7		17.7		0		110		0		0		1		0

		245.43		0		15		112		0		0		0		1

		433.2		17.4		9		113		1		0		0		0

		627.24		37.8		54		112		0		1		0		0

		647.61		42.3		36		113		0		0		1		0

		342.81		11.4		39		114		0		0		0		1
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Chart2

		0

		0.2263333333

		0.4526666667

		0.679

		0.9053333333

		1.1316666667

		1.358

		1.5843333333

		1.8106666667

		2.037

		2.2633333333

		2.4896666667

		2.716

		2.9423333333

		3.1686666667

		3.395

		3.6213333333

		3.8476666667

		4.074

		4.3003333333

		4.5266666667

		4.753

		4.9793333333

		5.2056666667

		5.432

		5.6583333333

		5.8846666667

		6.111

		6.3373333333

		6.5636666667

		6.79

		7.0163333333

		7.2426666667

		7.469

		7.6953333333

		7.9216666667

		8.148

		8.3743333333

		8.6006666667

		8.827

		9.0533333333

		9.2796666667

		9.506

		9.7323333333

		9.9586666667

		10.185

		10.4113333333

		10.6376666667

		10.864

		11.0903333333

		11.3166666667

		11.543

		11.7693333333



Revenue Level

Standard Deviation

Standard Deviation of Revenues

0

1.2754233871

2.4871788561

3.6353358005

4.7199710969

5.7411701325

6.6990280065

7.5936509372

8.4251579196

9.1936826852

9.8993760292

10.5424085878

11.1229741682

11.6412937634

12.097620417

12.492245154

12.8255042536

13.0977882243

13.3095529546

13.4613336627

13.5537624758

13.587590754

13.5637176647

13.483227059

13.3474354628

13.1579550684

12.9167771083

12.6263830972

12.289894324

11.9112738823

11.4956005042

11.0494391269

10.5813377317

10.1024786709

9.6274937285

9.1753916684

8.7704061167

8.4423149193

8.2254599869

8.1556089085

8.2645248121

8.5738452628

9.0912978802

9.8113389603

10.7193852537

11.7969321451

13.0254326915

14.3883787132

15.8720065976

17.4652424909

19.1593341737

20.9474126895

22.8240894589



Price Demand Data

		The data

		Price		Demand

		$7.00		167

		$8.00		153

		$8.00		161

		$7.90		155

		$9.10		156

		$8.90		156

		$7.20		157

		$8.10		150

		$7.60		159

		$7.20		170

		$9.70		159

		$7.20		170

		$9.00		157

		$7.70		162

		$9.70		151

		$7.50		165

		$10.70		142

		$9.90		146

		$10.90		146

		$7.10		163

		$9.20		147

		$10.20		147

		$10.70		144

		$8.70		162

		$11.60		138

		$10.70		152

		$10.80		153

		$8.80		160

		$11.20		140

		$11.30		141





Price Demand Data
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Linear Model

		1



x

P(b_est<=b_real+x)

CDF of slope estimation error

1



Compute Confidence levels
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x

P(a_est<=a_real+x)

CDF of intercept estimation error

1



Known error variance

		The data

		Sample size		30

		Price		Demand		(price-mean)		(price-mean)^2		lambda_i		Squared error

		$7.00		167		($2.05)		$4.22		-0.032595352		4.68

		$8.00		153		($1.05)		$1.11		-0.0167209923		44.96

		$8.00		161		($1.05)		$1.11		-0.0167209923		1.68

		$7.90		155		($1.15)		$1.33		-0.0183084282		27.24

		$9.10		156		$0.05		$0.00		0.0007408035		3.76

		$8.90		156		($0.15)		$0.02		-0.0024340685		0.83

		$7.20		157		($1.85)		$3.43		-0.02942048		46.39

		$8.10		150		($0.95)		$0.91		-0.0151335563		84.50

		$7.60		159		($1.45)		$2.11		-0.0230707361		7.61

		$7.20		170		($1.85)		$3.43		-0.02942048		38.30

		$9.70		159		$0.65		$0.42		0.0102654193		64.30

		$7.20		170		($1.85)		$3.43		-0.02942048		38.30

		$9.00		157		($0.05)		$0.00		-0.0008466325		5.89

		$7.70		162		($1.35)		$1.83		-0.0214833002		0.57

		$9.70		151		$0.65		$0.42		0.0102654193		0.00

		$7.50		165		($1.55)		$2.41		-0.0246581721		7.44

		$10.70		142		$1.65		$2.71		0.026139779		14.82

		$9.90		146		$0.85		$0.72		0.0134402912		15.64

		$10.90		146		$1.85		$3.41		0.029314651		1.38

		$7.10		163		($1.95)		$3.82		-0.031007916		1.75

		$9.20		147		$0.15		$0.02		0.0023282394		42.87

		$10.20		147		$1.15		$1.31		0.0182025992		2.00

		$10.70		144		$1.65		$2.71		0.026139779		3.42

		$8.70		162		($0.35)		$0.12		-0.0056089404		34.65

		$11.60		138		$2.55		$6.49		0.0404267028		10.44

		$10.70		152		$1.65		$2.71		0.026139779		37.83

		$10.80		153		$1.75		$3.05		0.027727215		58.73

		$8.80		160		($0.25)		$0.06		-0.0040215045		19.36

		$11.20		140		$2.15		$4.61		0.0340769589		10.78

		$11.30		141		$2.25		$5.05		0.0356643949		3.13

		Compute the slope of the least squares line

		Mean price		$9.05

		Mean demand		154.3

		Sum of (price-mean)^2		$62.99

		Slope estimate		-5.132		(sum of lambda_i*demand_i )

		Intercept estimate		200.760		(mean demand - slope estimate * mean price)

		Sum of squared errors		633.271





Known error variance
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Variance of revenues

		1



x

P(b_est<=b_real+x)

CDF of slope estimation error
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Pricing (2)
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Sheet2

		The data

		Given		a functional relationship of the form Y=a+bx+Z

				a,b known

				Z known to be normal with mean zero and known standard deviation

		Aim:		Sample Y for given values of X

		a=		200

		b=		-5

		Stdev of Z		5

		Sample size		30

		Price		Z		Demand		(price-mean)		(price-mean)^2		lambda_i		Squared error

		$7.00		-4.187779723		161		($2.05)		$4.22		-0.032595352		6.78

		$8.00		1.3727742498		161		($1.05)		$1.11		-0.0167209923		1.67

		$8.00		-7.9500523498		152		($1.05)		$1.11		-0.0167209923		59.38

		$7.90		-1.7089860194		159		($1.15)		$1.33		-0.0183084282		1.20

		$9.10		-4.7446405915		150		$0.05		$0.00		0.0007408035		29.36

		$8.90		4.7278263082		160		($0.15)		$0.02		-0.0024340685		14.46

		$7.20		-4.514106422		159		($1.85)		$3.43		-0.02942048		14.63

		$8.10		0.0130114586		160		($0.95)		$0.91		-0.0151335563		0.47

		$7.60		6.5857875597		169		($1.45)		$2.11		-0.0230707361		59.83

		$7.20		-6.8144800025		157		($1.85)		$3.43		-0.02942048		33.92

		$9.70		-2.4647420105		149		$0.65		$0.42		0.0102654193		16.64

		$7.20		3.8750840758		168		($1.85)		$3.43		-0.02942048		26.79

		$9.00		4.1500470616		159		($0.05)		$0.00		-0.0008466325		10.19

		$7.70		7.3426576819		169		($1.35)		$1.83		-0.0214833002		66.01

		$9.70		-5.9532339947		146		$0.65		$0.42		0.0102654193		50.12

		$7.50		-3.4102129121		159		($1.55)		$2.41		-0.0246581721		7.05

		$10.70		8.1620555648		155		$1.65		$2.71		0.026139779		33.86

		$9.90		-0.9104269338		150		$0.85		$0.72		0.0134402912		5.29

		$10.90		-3.8441726247		142		$1.85		$3.41		0.029314651		40.98

		$7.10		1.3941644283		166		($1.95)		$3.82		-0.031007916		7.76

		$9.20		-4.3823888518		150		$0.15		$0.02		0.0023282394		25.28

		$10.20		10.9740540211		160		$1.15		$1.31		0.0182025992		78.67

		$10.70		5.1590632211		152		$1.65		$2.71		0.026139779		7.95

		$8.70		-0.5406093351		156		($0.35)		$0.12		-0.0056089404		0.96

		$11.60		6.8037593337		149		$2.55		$6.49		0.0404267028		11.07

		$10.70		3.9795054363		150		$1.65		$2.71		0.026139779		0.67

		$10.80		6.3122797656		152		$1.75		$3.05		0.027727215		10.30

		$8.80		4.0944428292		160		($0.25)		$0.06		-0.0040215045		11.65

		$11.20		6.8209374149		151		$2.15		$4.61		0.0340769589		14.20

		$11.30		-6.1582227318		137		$2.25		$5.05		0.0356643949		96.87

		Compute the slope of the least squares line

		Mean price		$9.05

		Mean demand		155.6

		Sum of (price-mean)^2		$62.99

		Slope estimate		-3.8981077763		(sum of lambda_i*demand_i )

		Intercept estimate		$190.89		(mean demand - slope estimate * mean price)

		Variance Estimate		26.57		Sum of squared errors / (Sample Size -2)

		Statistical analysis

		Degrees of freedom		28

		Slope multiplier for t-distribution		0.649456271

		Intercept mult. for t-distribution		5.9545849579

		Generate confidence level functions

		One-sided: C(r)=F(r/slope_multiplier); hence C(x*slope_multiplier)=F(x) (here F(x) is CDF of t-distribution with n-2 degrees of freedom)

		Two-sided:2*C(r)-1, I.e. 2-sided confidence level at x*slope_multiplier is 2F(x)-1 (assumes that x>=0)

		x		x times slope multiplier		x times intercept multiplier		Cumulative t-distribution function		transformed t-distribution for 2-sided CI

		-5		-3.2472813552		-29.7729247897		0.0000138667

		-4.9		-3.1823357281		-29.1774662939		0.0000182274

		-4.8		-3.117390101		-28.5820077981		0.0000239582

		-4.7		-3.0524444739		-27.9865493023		0.0000314855

		-4.6		-2.9874988468		-27.3910908065		0.0000413666

		-4.5		-2.9225532197		-26.7956323107		0.0000543277

		-4.4		-2.8576075926		-26.2001738149		0.0000713137

		-4.3		-2.7926619655		-25.6047153191		0.0000935511

		-4.2		-2.7277163384		-25.0092568233		0.0001226285

		-4.1		-2.6627707113		-24.4137983275		0.0001605982

		-4		-2.5978250842		-23.8183398317		0.0002101034

		-3.9		-2.5328794571		-23.2228813359		0.0002745387

		-3.8		-2.46793383		-22.6274228401		0.0003582476

		-3.7		-2.4029882029		-22.0319643444		0.0004667686

		-3.6		-2.3380425758		-21.4365058486		0.0006071341

		-3.5		-2.2730969487		-20.8410473528		0.0007882361

		-3.4		-2.2081513215		-20.245588857		0.0010212635

		-3.3		-2.1432056944		-19.6501303612		0.0013202251

		-3.2		-2.0782600673		-19.0546718654		0.0017025638

		-3.1		-2.0133144402		-18.4592133696		0.0021898703

		-3		-1.9483688131		-17.8637548738		0.0028086995

		-2.9		-1.883423186		-17.268296378		0.0035914893

		-2.8		-1.8184775589		-16.6728378822		0.0045775721

		-2.7		-1.7535319318		-16.0773793864		0.0058142633

		-2.6		-1.6885863047		-15.4819208906		0.0073579961

		-2.5		-1.6236406776		-14.8864623948		0.0092754614

		-2.4		-1.5586950505		-14.291003899		0.0116446909

		-2.3		-1.4937494234		-13.6955454032		0.0145560074

		-2.2		-1.4288037963		-13.1000869075		0.0181127421

		-2.1		-1.3638581692		-12.5046284117		0.0224316112

		-2		-1.2989125421		-11.9091699159		0.0276426184

		-1.9		-1.233966915		-11.3137114201		0.0338883406

		-1.8		-1.1690212879		-10.7182529243		0.041322477

		-1.7		-1.1040756608		-10.1227944285		0.0501075227

		-1.6		-1.0391300337		-9.5273359327		0.0604114552

		-1.5		-0.9741844066		-8.9318774369		0.072403409

		-1.4		-0.9092387795		-8.3364189411		0.08624833

		-1.3		-0.8442931524		-7.7409604453		0.1021006666

		-1.2		-0.7793475253		-7.1455019495		0.1200972949

		-1.1		-0.7144018981		-6.5500434537		0.1403499261

		-1		-0.649456271		-5.9545849579		0.1629373535

		-0.9		-0.5845106439		-5.3591264621		0.1878979759

		-0.8		-0.5195650168		-4.7636679663		0.2152230907

		-0.7		-0.4546193897		-4.1682094706		0.2448514759

		-0.6		-0.3896737626		-3.5727509748		0.2766657611

		-0.5		-0.3247281355		-2.977292479		0.3104910219

		-0.4		-0.2597825084		-2.3818339832		0.3460959212

		-0.3		-0.1948368813		-1.7863754874		0.3831965624

		-0.2		-0.1298912542		-1.1909169916		0.4214630375

		-0.1		-0.0649456271		-0.5954584958		0.4605284499

		0		0		0		0.5		0

		0.1		0.0649456271		0.5954584958		0.5394715501		0.0789431002

		0.2		0.1298912542		1.1909169916		0.5785369625		0.1570739251

		0.3		0.1948368813		1.7863754874		0.6168034376		0.2336068752

		0.4		0.2597825084		2.3818339832		0.6539040788		0.3078081577

		0.5		0.3247281355		2.977292479		0.6895089781		0.3790179563

		0.6		0.3896737626		3.5727509748		0.7233342389		0.4466684779

		0.7		0.4546193897		4.1682094706		0.7551485241		0.5102970482

		0.8		0.5195650168		4.7636679663		0.7847769093		0.5695538187

		0.9		0.5845106439		5.3591264621		0.8121020241		0.6242040483

		1		0.649456271		5.9545849579		0.8370626465		0.6741252931

		1.1		0.7144018981		6.5500434537		0.8596500739		0.7193001479

		1.2		0.7793475253		7.1455019495		0.8799027051		0.7598054102

		1.3		0.8442931524		7.7409604453		0.8978993334		0.7957986668

		1.4		0.9092387795		8.3364189411		0.91375167		0.8275033401

		1.5		0.9741844066		8.9318774369		0.927596591		0.8551931819

		1.6		1.0391300337		9.5273359327		0.9395885448		0.8791770895

		1.7		1.1040756608		10.1227944285		0.9498924773		0.8997849546

		1.8		1.1690212879		10.7182529243		0.958677523		0.917355046

		1.9		1.233966915		11.3137114201		0.9661116594		0.9322233189

		2		1.2989125421		11.9091699159		0.9723573816		0.9447147632

		2.1		1.3638581692		12.5046284117		0.9775683888		0.9551367776

		2.2		1.4288037963		13.1000869075		0.9818872579		0.9637745159

		2.3		1.4937494234		13.6955454032		0.9854439926		0.9708879851

		2.4		1.5586950505		14.291003899		0.9883553091		0.9767106182

		2.5		1.6236406776		14.8864623948		0.9907245386		0.9814490772

		2.6		1.6885863047		15.4819208906		0.9926420039		0.9852840078

		2.7		1.7535319318		16.0773793864		0.9941857367		0.9883714734

		2.8		1.8184775589		16.6728378822		0.9954224279		0.9908448558

		2.9		1.883423186		17.268296378		0.9964085107		0.9928170214

		3		1.9483688131		17.8637548738		0.9971913005		0.994382601

		3.1		2.0133144402		18.4592133696		0.9978101297		0.9956202594

		3.2		2.0782600673		19.0546718654		0.9982974362		0.9965948723

		3.3		2.1432056944		19.6501303612		0.9986797749		0.9973595498

		3.4		2.2081513215		20.245588857		0.9989787365		0.997957473

		3.5		2.2730969487		20.8410473528		0.9992117639		0.9984235279

		3.6		2.3380425758		21.4365058486		0.9993928659		0.9987857317

		3.7		2.4029882029		22.0319643444		0.9995332314		0.9990664629

		3.8		2.46793383		22.6274228401		0.9996417524		0.9992835047

		3.9		2.5328794571		23.2228813359		0.9997254613		0.9994509227

		4		2.5978250842		23.8183398317		0.9997898966		0.9995797931

		4.1		2.6627707113		24.4137983275		0.9998394018		0.9996788037

		4.2		2.7277163384		25.0092568233		0.9998773715		0.999754743

		4.3		2.7926619655		25.6047153191		0.9999064489		0.9998128978

		4.4		2.8576075926		26.2001738149		0.9999286863		0.9998573726

		4.5		2.9225532197		26.7956323107		0.9999456723		0.9998913445

		4.6		2.9874988468		27.3910908065		0.9999586334		0.9999172668

		4.7		3.0524444739		27.9865493023		0.9999685145		0.999937029

		4.8		3.117390101		28.5820077981		0.9999760418		0.9999520837

		4.9		3.1823357281		29.1774662939		0.9999817726		0.9999635451

		5		3.2472813552		0.8396890859		0.9999861333		0.9999722666





Sheet2

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



Price

Demand

Scatter Plot

171

156

153

158

154

163

162

157

164

162

154

154

150

161

151

156

143

158

144

163

155

154

134

154

134

148

150

157

147

137



Sheet3

		-2.4757337819

		-2.4262191062

		-2.3767044306

		-2.3271897549

		-2.2776750793

		-2.2281604037

		-2.178645728

		-2.1291310524

		-2.0796163768

		-2.0301017011

		-1.9805870255

		-1.9310723498

		-1.8815576742

		-1.8320429986

		-1.7825283229

		-1.7330136473

		-1.6834989717

		-1.633984296

		-1.5844696204

		-1.5349549448

		-1.4854402691

		-1.4359255935

		-1.3864109178

		-1.3368962422

		-1.2873815666

		-1.2378668909

		-1.1883522153

		-1.1388375397

		-1.089322864

		-1.0398081884

		-0.9902935127

		-0.9407788371

		-0.8912641615

		-0.8417494858

		-0.7922348102

		-0.7427201346

		-0.6932054589

		-0.6436907833

		-0.5941761076

		-0.544661432

		-0.4951467564

		-0.4456320807

		-0.3961174051

		-0.3466027295

		-0.2970880538

		-0.2475733782

		-0.1980587025

		-0.1485440269

		-0.0990293513

		-0.0495146756

		0

		0.0495146756

		0.0990293513

		0.1485440269

		0.1980587025

		0.2475733782

		0.2970880538

		0.3466027295

		0.3961174051

		0.4456320807

		0.4951467564

		0.544661432

		0.5941761076

		0.6436907833

		0.6932054589

		0.7427201346

		0.7922348102

		0.8417494858

		0.8912641615

		0.9407788371

		0.9902935127

		1.0398081884

		1.089322864

		1.1388375397

		1.1883522153

		1.2378668909

		1.2873815666

		1.3368962422

		1.3864109178

		1.4359255935

		1.4854402691

		1.5349549448

		1.5844696204

		1.633984296

		1.6834989717

		1.7330136473

		1.7825283229

		1.8320429986

		1.8815576742

		1.9310723498

		1.9805870255

		2.0301017011

		2.0796163768

		2.1291310524

		2.178645728

		2.2281604037

		2.2776750793

		2.3271897549

		2.3767044306

		2.4262191062

		2.4757337819



x

C(x)=
confidence level associated with CI 
[b-x,infinity)

Confidence level for one-sided CI's for slope
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x

C(x)=
confidence level 
associated with CI
[a-x,infty)

Confidence level for one-sided CI's for intercept
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x

C(x)=
confidence level associated with CI 
[b-x,b+x]

Confidence level for two-sided CI's for slope
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x

C(x)=
confidence level associated with CI 
[a-x,a+x]

Confidence level for two-sided CI's for intercept
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		The data

		Given		a functional relationship of the form Y=a+bx+Z

				a,b known

				Z known to be normal with mean zero and known standard deviation

		Aim:		Sample Y for given values of X

		a=		200

		b=		-5

		Stdev of Z		5

		Sample size		30

		Price		Z		Demand		(price-mean)		(price-mean)^2		lambda_i		Squared error

		$7.00		-6.31966941		159		($2.05)		$4.22		-0.032595352		7.89

		$8.00		-10.4339051177		150		($1.05)		$1.11		-0.0167209923		57.26

		$8.00		-0.6477250736		159		($1.05)		$1.11		-0.0167209923		2.05

		$7.90		0.8589267964		161		($1.15)		$1.33		-0.0183084282		9.05

		$9.10		-0.3265085979		154		$0.05		$0.00		0.0007408035		1.21

		$8.90		-8.8922433861		147		($0.15)		$0.02		-0.0024340685		45.57

		$7.20		-5.8775185607		158		($1.85)		$3.43		-0.02942048		8.76

		$8.10		2.8363501769		162		($0.95)		$0.91		-0.0151335563		23.59

		$7.60		1.5057366909		164		($1.45)		$2.11		-0.0230707361		22.43

		$7.20		-11.0864220915		153		($1.85)		$3.43		-0.02942048		63.36

		$9.70		5.1414417612		157		$0.65		$0.42		0.0102654193		44.12

		$7.20		-2.1559571906		162		($1.85)		$3.43		-0.02942048		1.08

		$9.00		-3.8554730963		151		($0.05)		$0.00		-0.0008466325		5.41

		$7.70		-9.6058101917		152		($1.35)		$1.83		-0.0214833002		46.78

		$9.70		5.6491444411		157		$0.65		$0.42		0.0102654193		44.12

		$7.50		1.4240072232		164		($1.55)		$2.41		-0.0246581721		18.60

		$10.70		2.1266714612		149		$1.65		$2.71		0.026139779		8.31

		$9.90		-3.1179069993		147		$0.85		$0.72		0.0134402912		6.30

		$10.90		-9.6631083579		136		$1.85		$3.41		0.029314651		85.90

		$7.10		5.3062990446		170		($1.95)		$3.82		-0.031007916		74.23

		$9.20		-4.6036348067		149		$0.15		$0.02		0.0023282394		12.10

		$10.20		-4.118430752		145		$1.15		$1.31		0.0182025992		10.48

		$10.70		-6.4885171014		140		$1.65		$2.71		0.026139779		37.41

		$8.70		3.5036180179		160		($0.35)		$0.12		-0.0056089404		29.18

		$11.60		-6.2439312387		136		$2.55		$6.49		0.0404267028		39.68

		$10.70		9.841960491		156		$1.65		$2.71		0.026139779		97.68

		$10.80		-0.179250037		146		$1.75		$3.05		0.027727215		0.09

		$8.80		-2.9131456358		153		($0.25)		$0.06		-0.0040215045		1.38

		$11.20		4.0782538235		148		$2.15		$4.61		0.0340769589		16.03

		$11.30		4.6911850404		148		$2.25		$5.05		0.0356643949		19.61

		Compute the slope of the least squares line

		Mean price		$9.05

		Mean demand		153.1

		Sum of (price-mean)^2		$62.99

		Slope estimate		-4.2409939466		(sum of lambda_i*demand_i )

		Intercept estimate		$191.50		(mean demand - slope estimate * mean price)

		Sum of squared errors		839.68

		Statistical analysis

		Degrees of freedom		28

		Slope multiplier for normal		0.6299674542		(assumes Stdev of Z known)

		Intercept mult. for normal		5.7759003863		(assumes Stdev of Z known)

		Generate cumulative distribtuion function of the estimation errors (here the confidence level is a cdf since it does not depend on the sample, i.e. is not random)

		Theory in class: P(Z<=x)=P((b_est-b_real)/slope_multiplier<=x)=P(b_est-b_real<=slope_multiplier*x)

		x		x times slope multiplier		x times intercept multiplier		t-distribution

		-5		-3.149837271		-28.8795019313		0.0000138667

		-4.9		-3.0868405256		-28.3019118927		0.0000182274

		-4.8		-3.0238437802		-27.724321854		0.0000239582

		-4.7		-2.9608470348		-27.1467318154		0.0000314855

		-4.6		-2.8978502893		-26.5691417768		0.0000413666

		-4.5		-2.8348535439		-25.9915517382		0.0000543277

		-4.4		-2.7718567985		-25.4139616995		0.0000713137

		-4.3		-2.7088600531		-24.8363716609		0.0000935511

		-4.2		-2.6458633076		-24.2587816223		0.0001226285

		-4.1		-2.5828665622		-23.6811915837		0.0001605982

		-4		-2.5198698168		-23.103601545		0.0002101034

		-3.9		-2.4568730714		-22.5260115064		0.0002745387

		-3.8		-2.393876326		-21.9484214678		0.0003582476

		-3.7		-2.3308795805		-21.3708314292		0.0004667686

		-3.6		-2.2678828351		-20.7932413905		0.0006071341

		-3.5		-2.2048860897		-20.2156513519		0.0007882361

		-3.4		-2.1418893443		-19.6380613133		0.0010212635

		-3.3		-2.0788925989		-19.0604712747		0.0013202251

		-3.2		-2.0158958534		-18.482881236		0.0017025638

		-3.1		-1.952899108		-17.9052911974		0.0021898703

		-3		-1.8899023626		-17.3277011588		0.0028086995

		-2.9		-1.8269056172		-16.7501111201		0.0035914893

		-2.8		-1.7639088718		-16.1725210815		0.0045775721

		-2.7		-1.7009121263		-15.5949310429		0.0058142633

		-2.6		-1.6379153809		-15.0173410043		0.0073579961

		-2.5		-1.5749186355		-14.4397509656		0.0092754614

		-2.4		-1.5119218901		-13.862160927		0.0116446909

		-2.3		-1.4489251447		-13.2845708884		0.0145560074

		-2.2		-1.3859283992		-12.7069808498		0.0181127421

		-2.1		-1.3229316538		-12.1293908111		0.0224316112

		-2		-1.2599349084		-11.5518007725		0.0276426184

		-1.9		-1.196938163		-10.9742107339		0.0338883406

		-1.8		-1.1339414176		-10.3966206953		0.041322477

		-1.7		-1.0709446721		-9.8190306566		0.0501075227

		-1.6		-1.0079479267		-9.241440618		0.0604114552

		-1.5		-0.9449511813		-8.6638505794		0.072403409

		-1.4		-0.8819544359		-8.0862605408		0.08624833

		-1.3		-0.8189576905		-7.5086705021		0.1021006666

		-1.2		-0.755960945		-6.9310804635		0.1200972949

		-1.1		-0.6929641996		-6.3534904249		0.1403499261

		-1		-0.6299674542		-5.7759003863		0.1629373535

		-0.9		-0.5669707088		-5.1983103476		0.1878979759

		-0.8		-0.5039739634		-4.620720309		0.2152230907

		-0.7		-0.4409772179		-4.0431302704		0.2448514759

		-0.6		-0.3779804725		-3.4655402318		0.2766657611

		-0.5		-0.3149837271		-2.8879501931		0.3104910219

		-0.4		-0.2519869817		-2.3103601545		0.3460959212

		-0.3		-0.1889902363		-1.7327701159		0.3831965624

		-0.2		-0.1259934908		-1.1551800773		0.4214630375

		-0.1		-0.0629967454		-0.5775900386		0.4605284499

		0		0		0		0.5

		0.1		0.0629967454		0.5775900386		0.5394715501

		0.2		0.1259934908		1.1551800773		0.5785369625

		0.3		0.1889902363		1.7327701159		0.6168034376

		0.4		0.2519869817		2.3103601545		0.6539040788

		0.5		0.3149837271		2.8879501931		0.6895089781

		0.6		0.3779804725		3.4655402318		0.7233342389

		0.7		0.4409772179		4.0431302704		0.7551485241

		0.8		0.5039739634		4.620720309		0.7847769093

		0.9		0.5669707088		5.1983103476		0.8121020241

		1		0.6299674542		5.7759003863		0.8370626465

		1.1		0.6929641996		6.3534904249		0.8596500739

		1.2		0.755960945		6.9310804635		0.8799027051

		1.3		0.8189576905		7.5086705021		0.8978993334

		1.4		0.8819544359		8.0862605408		0.91375167

		1.5		0.9449511813		8.6638505794		0.927596591

		1.6		1.0079479267		9.241440618		0.9395885448

		1.7		1.0709446721		9.8190306566		0.9498924773

		1.8		1.1339414176		10.3966206953		0.958677523

		1.9		1.196938163		10.9742107339		0.9661116594

		2		1.2599349084		11.5518007725		0.9723573816

		2.1		1.3229316538		12.1293908111		0.9775683888

		2.2		1.3859283992		12.7069808498		0.9818872579

		2.3		1.4489251447		13.2845708884		0.9854439926

		2.4		1.5119218901		13.862160927		0.9883553091

		2.5		1.5749186355		14.4397509656		0.9907245386

		2.6		1.6379153809		15.0173410043		0.9926420039

		2.7		1.7009121263		15.5949310429		0.9941857367

		2.8		1.7639088718		16.1725210815		0.9954224279

		2.9		1.8269056172		16.7501111201		0.9964085107

		3		1.8899023626		17.3277011588		0.9971913005

		3.1		1.952899108		17.9052911974		0.9978101297

		3.2		2.0158958534		18.482881236		0.9982974362

		3.3		2.0788925989		19.0604712747		0.9986797749

		3.4		2.1418893443		19.6380613133		0.9989787365

		3.5		2.2048860897		20.2156513519		0.9992117639

		3.6		2.2678828351		20.7932413905		0.9993928659

		3.7		2.3308795805		21.3708314292		0.9995332314

		3.8		2.393876326		21.9484214678		0.9996417524

		3.9		2.4568730714		22.5260115064		0.9997254613

		4		2.5198698168		23.103601545		0.9997898966

		4.1		2.5828665622		23.6811915837		0.9998394018

		4.2		2.6458633076		24.2587816223		0.9998773715

		4.3		2.7088600531		24.8363716609		0.9999064489

		4.4		2.7718567985		25.4139616995		0.9999286863

		4.5		2.8348535439		25.9915517382		0.9999456723

		4.6		2.8978502893		26.5691417768		0.9999586334

		4.7		2.9608470348		27.1467318154		0.9999685145

		4.8		3.0238437802		27.724321854		0.9999760418

		4.9		3.0868405256		28.3019118927		0.9999817726

		5		3.149837271		0.8656658989		0.9999861333
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P(b_est<=b_real+x)
Confidence level 
for CI 
[b_est-x,infty)

CDF of slope estimation error
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x

P(a_est<=a_real+x)
Confidence level 
for CI
[a_est-x,infty)

CDF of intercept estimation error
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		The data

		Given		a functional relationship of the form Y=a+bx+Z

				a,b known

				Z known to be normal with mean zero and known standard deviation

		Aim:		Sample Y for given values of X

		a=		200

		b=		-5

		Stdev of Z		5

		Sample size		30

		Price		Z		Demand		(price-mean)		(price-mean)^2		lambda_i		Squared error

		$7.00		3.4973368201		168		($2.05)		$4.22		-0.032595352		10.15

		$8.00		-3.2841512621		157		($1.05)		$1.11		-0.0167209923		6.99

		$8.00		6.4512960307		166		($1.05)		$1.11		-0.0167209923		40.39

		$7.90		-8.8805336418		152		($1.15)		$1.33		-0.0183084282		66.61

		$9.10		-11.6926457849		143		$0.05		$0.00		0.0007408035		120.09

		$8.90		-2.9215925679		153		($0.15)		$0.02		-0.0024340685		3.97

		$7.20		-3.9952396946		160		($1.85)		$3.43		-0.02942048		14.29

		$8.10		0.6592017598		160		($0.95)		$0.91		-0.0151335563		0.76

		$7.60		3.6725964492		166		($1.45)		$2.11		-0.0230707361		18.38

		$7.20		-0.5233857792		163		($1.85)		$3.43		-0.02942048		0.61

		$9.70		-2.164210855		149		$0.65		$0.42		0.0102654193		3.45

		$7.20		-2.1749542611		162		($1.85)		$3.43		-0.02942048		3.17

		$9.00		2.2018582513		157		($0.05)		$0.00		-0.0008466325		6.37

		$7.70		6.7656173997		168		($1.35)		$1.83		-0.0214833002		46.30

		$9.70		5.9710600908		157		$0.65		$0.42		0.0102654193		37.73

		$7.50		-9.0926278062		153		($1.55)		$2.41		-0.0246581721		85.18

		$10.70		8.6387899501		155		$1.65		$2.71		0.026139779		86.71

		$9.90		0.9580389815		151		$0.85		$0.72		0.0134402912		1.38

		$10.90		5.5209625316		151		$1.85		$3.41		0.029314651		40.26

		$7.10		3.9092526549		168		($1.95)		$3.82		-0.031007916		13.71

		$9.20		0.8851202438		155		$0.15		$0.02		0.0023282394		2.43

		$10.20		2.4453015612		151		$1.15		$1.31		0.0182025992		7.44

		$10.70		-5.4354813983		141		$1.65		$2.71		0.026139779		21.98

		$8.70		-1.3857516024		155		($0.35)		$0.12		-0.0056089404		1.05

		$11.60		0.997403049		143		$2.55		$6.49		0.0404267028		3.86

		$10.70		-5.7110128182		141		$1.65		$2.71		0.026139779		21.98

		$10.80		-1.4917816316		145		$1.75		$3.05		0.027727215		0.03

		$8.80		5.4542056205		161		($0.25)		$0.06		-0.0040215045		30.15

		$11.20		-5.3767166719		139		$2.15		$4.61		0.0340769589		16.84

		$11.30		-7.8360699263		136		$2.25		$5.05		0.0356643949		43.39

				x		x^2*sigma^2		multiplier		Standard Deviation

		-1		$0.00		0		$1.33		$0.00

		-0.975		$0.23		1.2806694444		$1.27		$1.28

		-0.95		$0.45		5.1226777778		$1.21		$2.49

		-0.925		$0.68		11.526025		$1.15		$3.64

		-0.9		$0.91		20.4907111111		$1.09		$4.72

		-0.875		$1.13		32.0167361111		$1.03		$5.74

		-0.85		$1.36		46.1041		$0.97		$6.70

		-0.825		$1.58		62.7528027778		$0.92		$7.59

		-0.8		$1.81		81.9628444444		$0.87		$8.43

		-0.775		$2.04		103.734225		$0.81		$9.19

		-0.75		$2.26		128.0669444444		$0.77		$9.90

		-0.725		$2.49		154.9610027778		$0.72		$10.54

		-0.7		$2.72		184.4164		$0.67		$11.12

		-0.675		$2.94		216.4331361111		$0.63		$11.64

		-0.65		$3.17		251.0112111111		$0.58		$12.10

		-0.625		$3.40		288.150625		$0.54		$12.49

		-0.6		$3.62		327.8513777778		$0.50		$12.83

		-0.575		$3.85		370.1134694444		$0.46		$13.10

		-0.55		$4.07		414.9369		$0.43		$13.31

		-0.525		$4.30		462.3216694444		$0.39		$13.46

		-0.5		$4.53		512.2677777778		$0.36		$13.55

		-0.475		$4.75		564.775225		$0.33		$13.59

		-0.45		$4.98		619.8440111111		$0.30		$13.56

		-0.425		$5.21		677.4741361111		$0.27		$13.48

		-0.4		$5.43		737.6656		$0.24		$13.35

		-0.375		$5.66		800.4184027778		$0.22		$13.16

		-0.35		$5.88		865.7325444444		$0.19		$12.92

		-0.325		$6.11		933.608025		$0.17		$12.63

		-0.3		$6.34		1004.0448444444		$0.15		$12.29

		-0.275		$6.56		1077.0430027778		$0.13		$11.91

		-0.25		$6.79		1152.6025		$0.11		$11.50

		-0.225		$7.02		1230.7233361111		$0.10		$11.05

		-0.2		$7.24		1311.4055111111		$0.09		$10.58

		-0.175		$7.47		1394.649025		$0.07		$10.10

		-0.15		$7.70		1480.4538777778		$0.06		$9.63

		-0.125		$7.92		1568.8200694444		$0.05		$9.18

		-0.1		$8.15		1659.7476		$0.05		$8.77

		-0.075		$8.37		1753.2364694444		$0.04		$8.44

		-0.05		$8.60		1849.2866777778		$0.04		$8.23

		-0.025		$8.83		1947.898225		$0.03		$8.16

		0		$9.05		2049.0711111111		$0.03		$8.26

		0.025		$9.28		2152.8053361111		$0.03		$8.57

		0.05		$9.51		2259.1009		$0.04		$9.09

		0.075		$9.73		2367.9578027778		$0.04		$9.81

		0.1		$9.96		2479.3760444444		$0.05		$10.72

		0.125		$10.19		2593.355625		$0.05		$11.80

		0.15		$10.41		2709.8965444444		$0.06		$13.03

		0.175		$10.64		2828.9988027777		$0.07		$14.39

		0.2		$10.86		2950.6624		$0.09		$15.87

		0.225		$11.09		3074.8873361111		$0.10		$17.47

		0.25		$11.32		3201.6736111111		$0.11		$19.16

		0.275		$11.54		3331.0212249999		$0.13		$20.95

		0.3		$11.77		3462.9301777777		$0.15		$22.82

		Compute the slope of the least squares line

		Mean price		$9.05

		Mean demand		154.2

		Sum of (price-mean)^2		$62.99

		Slope estimate		-5.1690090166		(sum of lambda_i*demand_i )

		Intercept estimate		$201.00		(mean demand - slope estimate * mean price)

		Sum of squared errors		755.67

		Statistical analysis

		Degrees of freedom		28

		Slope multiplier for normal		0.6299674542		(assumes Stdev of Z known)

		Intercept mult. for normal		5.7759003863		(assumes Stdev of Z known)

		Generate cumulative distribtuion function of the estimation errors (here the confidence level is a cdf since it does not depend on the sample, i.e. is not random)

		Theory in class: P(Z<=x)=P((b_est-b_real)/slope_multiplier<=x)=P(b_est-b_real<=slope_multiplier*x)

		x		x times slope multiplier		x times intercept multiplier		t-distribution

		-5		-3.149837271		-28.8795019313		0.0000138667

		-4.9		-3.0868405256		-28.3019118927		0.0000182274

		-4.8		-3.0238437802		-27.724321854		0.0000239582

		-4.7		-2.9608470348		-27.1467318154		0.0000314855

		-4.6		-2.8978502893		-26.5691417768		0.0000413666

		-4.5		-2.8348535439		-25.9915517382		0.0000543277

		-4.4		-2.7718567985		-25.4139616995		0.0000713137

		-4.3		-2.7088600531		-24.8363716609		0.0000935511

		-4.2		-2.6458633076		-24.2587816223		0.0001226285

		-4.1		-2.5828665622		-23.6811915837		0.0001605982

		-4		-2.5198698168		-23.103601545		0.0002101034

		-3.9		-2.4568730714		-22.5260115064		0.0002745387

		-3.8		-2.393876326		-21.9484214678		0.0003582476

		-3.7		-2.3308795805		-21.3708314292		0.0004667686

		-3.6		-2.2678828351		-20.7932413905		0.0006071341

		-3.5		-2.2048860897		-20.2156513519		0.0007882361

		-3.4		-2.1418893443		-19.6380613133		0.0010212635

		-3.3		-2.0788925989		-19.0604712747		0.0013202251

		-3.2		-2.0158958534		-18.482881236		0.0017025638

		-3.1		-1.952899108		-17.9052911974		0.0021898703

		-3		-1.8899023626		-17.3277011588		0.0028086995

		-2.9		-1.8269056172		-16.7501111201		0.0035914893

		-2.8		-1.7639088718		-16.1725210815		0.0045775721

		-2.7		-1.7009121263		-15.5949310429		0.0058142633

		-2.6		-1.6379153809		-15.0173410043		0.0073579961

		-2.5		-1.5749186355		-14.4397509656		0.0092754614

		-2.4		-1.5119218901		-13.862160927		0.0116446909

		-2.3		-1.4489251447		-13.2845708884		0.0145560074

		-2.2		-1.3859283992		-12.7069808498		0.0181127421

		-2.1		-1.3229316538		-12.1293908111		0.0224316112

		-2		-1.2599349084		-11.5518007725		0.0276426184

		-1.9		-1.196938163		-10.9742107339		0.0338883406

		-1.8		-1.1339414176		-10.3966206953		0.041322477

		-1.7		-1.0709446721		-9.8190306566		0.0501075227

		-1.6		-1.0079479267		-9.241440618		0.0604114552

		-1.5		-0.9449511813		-8.6638505794		0.072403409

		-1.4		-0.8819544359		-8.0862605408		0.08624833

		-1.3		-0.8189576905		-7.5086705021		0.1021006666

		-1.2		-0.755960945		-6.9310804635		0.1200972949

		-1.1		-0.6929641996		-6.3534904249		0.1403499261

		-1		-0.6299674542		-5.7759003863		0.1629373535

		-0.9		-0.5669707088		-5.1983103476		0.1878979759

		-0.8		-0.5039739634		-4.620720309		0.2152230907

		-0.7		-0.4409772179		-4.0431302704		0.2448514759

		-0.6		-0.3779804725		-3.4655402318		0.2766657611

		-0.5		-0.3149837271		-2.8879501931		0.3104910219

		-0.4		-0.2519869817		-2.3103601545		0.3460959212

		-0.3		-0.1889902363		-1.7327701159		0.3831965624

		-0.2		-0.1259934908		-1.1551800773		0.4214630375

		-0.1		-0.0629967454		-0.5775900386		0.4605284499

		0		0		0		0.5

		0.1		0.0629967454		0.5775900386		0.5394715501

		0.2		0.1259934908		1.1551800773		0.5785369625

		0.3		0.1889902363		1.7327701159		0.6168034376

		0.4		0.2519869817		2.3103601545		0.6539040788

		0.5		0.3149837271		2.8879501931		0.6895089781

		0.6		0.3779804725		3.4655402318		0.7233342389

		0.7		0.4409772179		4.0431302704		0.7551485241

		0.8		0.5039739634		4.620720309		0.7847769093

		0.9		0.5669707088		5.1983103476		0.8121020241

		1		0.6299674542		5.7759003863		0.8370626465

		1.1		0.6929641996		6.3534904249		0.8596500739

		1.2		0.755960945		6.9310804635		0.8799027051

		1.3		0.8189576905		7.5086705021		0.8978993334

		1.4		0.8819544359		8.0862605408		0.91375167

		1.5		0.9449511813		8.6638505794		0.927596591

		1.6		1.0079479267		9.241440618		0.9395885448

		1.7		1.0709446721		9.8190306566		0.9498924773

		1.8		1.1339414176		10.3966206953		0.958677523

		1.9		1.196938163		10.9742107339		0.9661116594

		2		1.2599349084		11.5518007725		0.9723573816

		2.1		1.3229316538		12.1293908111		0.9775683888

		2.2		1.3859283992		12.7069808498		0.9818872579

		2.3		1.4489251447		13.2845708884		0.9854439926

		2.4		1.5119218901		13.862160927		0.9883553091

		2.5		1.5749186355		14.4397509656		0.9907245386

		2.6		1.6379153809		15.0173410043		0.9926420039

		2.7		1.7009121263		15.5949310429		0.9941857367

		2.8		1.7639088718		16.1725210815		0.9954224279

		2.9		1.8269056172		16.7501111201		0.9964085107

		3		1.8899023626		17.3277011588		0.9971913005

		3.1		1.952899108		17.9052911974		0.9978101297

		3.2		2.0158958534		18.482881236		0.9982974362

		3.3		2.0788925989		19.0604712747		0.9986797749

		3.4		2.1418893443		19.6380613133		0.9989787365

		3.5		2.2048860897		20.2156513519		0.9992117639

		3.6		2.2678828351		20.7932413905		0.9993928659

		3.7		2.3308795805		21.3708314292		0.9995332314

		3.8		2.393876326		21.9484214678		0.9996417524

		3.9		2.4568730714		22.5260115064		0.9997254613

		4		2.5198698168		23.103601545		0.9997898966

		4.1		2.5828665622		23.6811915837		0.9998394018

		4.2		2.6458633076		24.2587816223		0.9998773715

		4.3		2.7088600531		24.8363716609		0.9999064489

		4.4		2.7718567985		25.4139616995		0.9999286863

		4.5		2.8348535439		25.9915517382		0.9999456723

		4.6		2.8978502893		26.5691417768		0.9999586334

		4.7		2.9608470348		27.1467318154		0.9999685145

		4.8		3.0238437802		27.724321854		0.9999760418

		4.9		3.0868405256		28.3019118927		0.9999817726

		5		3.149837271		0.8656658989		0.9999861333
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		The data

		Sample size		30

		Price		Demand		(price-mean)		(price-mean)^2		lambda_i		Squared error

		$7.00		167		($2.05)		$4.22		-0.032595352		4.68

		$8.00		153		($1.05)		$1.11		-0.0167209923		44.96

		$8.00		161		($1.05)		$1.11		-0.0167209923		1.68

		$7.90		155		($1.15)		$1.33		-0.0183084282		27.24

		$9.10		156		$0.05		$0.00		0.0007408035		3.76

		$8.90		156		($0.15)		$0.02		-0.0024340685		0.83

		$7.20		157		($1.85)		$3.43		-0.02942048		46.39

		$8.10		150		($0.95)		$0.91		-0.0151335563		84.50

		$7.60		159		($1.45)		$2.11		-0.0230707361		7.61

		$7.20		170		($1.85)		$3.43		-0.02942048		38.30

		$9.70		159		$0.65		$0.42		0.0102654193		64.30

		$7.20		170		($1.85)		$3.43		-0.02942048		38.30

		$9.00		157		($0.05)		$0.00		-0.0008466325		5.89

		$7.70		162		($1.35)		$1.83		-0.0214833002		0.57

		$9.70		151		$0.65		$0.42		0.0102654193		0.00

		$7.50		165		($1.55)		$2.41		-0.0246581721		7.44

		$10.70		142		$1.65		$2.71		0.026139779		14.82

		$9.90		146		$0.85		$0.72		0.0134402912		15.64

		$10.90		146		$1.85		$3.41		0.029314651		1.38

		$7.10		163		($1.95)		$3.82		-0.031007916		1.75

		$9.20		147		$0.15		$0.02		0.0023282394		42.87

		$10.20		147		$1.15		$1.31		0.0182025992		2.00

		$10.70		144		$1.65		$2.71		0.026139779		3.42

		$8.70		162		($0.35)		$0.12		-0.0056089404		34.65

		$11.60		138		$2.55		$6.49		0.0404267028		10.44

		$10.70		152		$1.65		$2.71		0.026139779		37.83

		$10.80		153		$1.75		$3.05		0.027727215		58.73

		$8.80		160		($0.25)		$0.06		-0.0040215045		19.36

		$11.20		140		$2.15		$4.61		0.0340769589		10.78

		$11.30		141		$2.25		$5.05		0.0356643949		3.13

		Compute the slope of the least squares line

		Mean price		$9.05

		Mean demand		154.3

		Sum of (price-mean)^2		$62.99

		Slope estimate		-5.132		(sum of lambda_i*demand_i )

		Intercept estimate		200.760		(mean demand - slope estimate * mean price)

		Sum of squared errors		633.271

		Statistical analysis

		Degrees of freedom		28

		Slope multiplier for t-distribution		0.599

		Intercept multiplier for t-distribution		5.494

		Generate cumulative distribtuion function of the estimation error

		Theory in class: P(T(n-2)<=x)=P((b_est-b_real)/slope_multiplier<=x)=P(b_est-b_real<=slope_multiplier*x)																																						Current price				$10

																																								Envisaged promotion price				$8.50

		x		x times slope_multiplier		x times intercept_multiplier		t-distribution																																		Increased demand				=

		-5		-2.995946192		-27.4685408777		0.0000138667

		-4.9		-2.9360272681		-26.9191700601		0.0000182274

		-4.8		-2.8761083443		-26.3697992426		0.0000239582

		-4.7		-2.8161894204		-25.820428425		0.0000314855

		-4.6		-2.7562704966		-25.2710576075		0.0000413666

		-4.5		-2.6963515728		-24.7216867899		0.0000543277

		-4.4		-2.6364326489		-24.1723159724		0.0000713137

		-4.3		-2.5765137251		-23.6229451548		0.0000935511

		-4.2		-2.5165948012		-23.0735743372		0.0001226285

		-4.1		-2.4566758774		-22.5242035197		0.0001605982

		-4		-2.3967569536		-21.9748327021		0.0002101034

		-3.9		-2.3368380297		-21.4254618846		0.0002745387

		-3.8		-2.2769191059		-20.876091067		0.0003582476

		-3.7		-2.2170001821		-20.3267202495		0.0004667686

		-3.6		-2.1570812582		-19.7773494319		0.0006071341

		-3.5		-2.0971623344		-19.2279786144		0.0007882361

		-3.4		-2.0372434105		-18.6786077968		0.0010212635

		-3.3		-1.9773244867		-18.1292369793		0.0013202251

		-3.2		-1.9174055629		-17.5798661617		0.0017025638

		-3.1		-1.857486639		-17.0304953442		0.0021898703

		-3		-1.7975677152		-16.4811245266		0.0028086995

		-2.9		-1.7376487913		-15.931753709		0.0035914893

		-2.8		-1.6777298675		-15.3823828915		0.0045775721

		-2.7		-1.6178109437		-14.8330120739		0.0058142633

		-2.6		-1.5578920198		-14.2836412564		0.0073579961

		-2.5		-1.497973096		-13.7342704388		0.0092754614

		-2.4		-1.4380541721		-13.1848996213		0.0116446909

		-2.3		-1.3781352483		-12.6355288037		0.0145560074

		-2.2		-1.3182163245		-12.0861579862		0.0181127421

		-2.1		-1.2582974006		-11.5367871686		0.0224316112

		-2		-1.1983784768		-10.9874163511		0.0276426184

		-1.9		-1.1384595529		-10.4380455335		0.0338883406

		-1.8		-1.0785406291		-9.888674716		0.041322477

		-1.7		-1.0186217053		-9.3393038984		0.0501075227

		-1.6		-0.9587027814		-8.7899330809		0.0604114552

		-1.5		-0.8987838576		-8.2405622633		0.072403409

		-1.4		-0.8388649337		-7.6911914457		0.08624833

		-1.3		-0.7789460099		-7.1418206282		0.1021006666

		-1.2		-0.7190270861		-6.5924498106		0.1200972949

		-1.1		-0.6591081622		-6.0430789931		0.1403499261

		-1		-0.5991892384		-5.4937081755		0.1629373535

		-0.9		-0.5392703146		-4.944337358		0.1878979759

		-0.8		-0.4793513907		-4.3949665404		0.2152230907

		-0.7		-0.4194324669		-3.8455957229		0.2448514759

		-0.6		-0.359513543		-3.2962249053		0.2766657611

		-0.5		-0.2995946192		-2.7468540878		0.3104910219

		-0.4		-0.2396756954		-2.1974832702		0.3460959212

		-0.3		-0.1797567715		-1.6481124527		0.3831965624

		-0.2		-0.1198378477		-1.0987416351		0.4214630375

		-0.1		-0.0599189238		-0.5493708176		0.4605284499

		0		0		0		0.5

		0.1		0.0599189238		0.5493708176		0.5394715501

		0.2		0.1198378477		1.0987416351		0.5785369625

		0.3		0.1797567715		1.6481124527		0.6168034376

		0.4		0.2396756954		2.1974832702		0.6539040788

		0.5		0.2995946192		2.7468540878		0.6895089781

		0.6		0.359513543		3.2962249053		0.7233342389

		0.7		0.4194324669		3.8455957229		0.7551485241

		0.8		0.4793513907		4.3949665404		0.7847769093

		0.9		0.5392703146		4.944337358		0.8121020241

		1		0.5991892384		5.4937081755		0.8370626465

		1.1		0.6591081622		6.0430789931		0.8596500739

		1.2		0.7190270861		6.5924498106		0.8799027051

		1.3		0.7789460099		7.1418206282		0.8978993334

		1.4		0.8388649337		7.6911914457		0.91375167

		1.5		0.8987838576		8.2405622633		0.927596591

		1.6		0.9587027814		8.7899330809		0.9395885448

		1.7		1.0186217053		9.3393038984		0.9498924773

		1.8		1.0785406291		9.888674716		0.958677523

		1.9		1.1384595529		10.4380455335		0.9661116594

		2		1.1983784768		10.9874163511		0.9723573816

		2.1		1.2582974006		11.5367871686		0.9775683888

		2.2		1.3182163245		12.0861579862		0.9818872579

		2.3		1.3781352483		12.6355288037		0.9854439926

		2.4		1.4380541721		13.1848996213		0.9883553091

		2.5		1.497973096		13.7342704388		0.9907245386

		2.6		1.5578920198		14.2836412564		0.9926420039

		2.7		1.6178109437		14.8330120739		0.9941857367

		2.8		1.6777298675		15.3823828915		0.9954224279

		2.9		1.7376487913		15.931753709		0.9964085107

		3		1.7975677152		16.4811245266		0.9971913005

		3.1		1.857486639		17.0304953442		0.9978101297

		3.2		1.9174055629		17.5798661617		0.9982974362

		3.3		1.9773244867		18.1292369793		0.9986797749

		3.4		2.0372434105		18.6786077968		0.9989787365

		3.5		2.0971623344		19.2279786144		0.9992117639

		3.6		2.1570812582		19.7773494319		0.9993928659

		3.7		2.2170001821		20.3267202495		0.9995332314

		3.8		2.2769191059		20.876091067		0.9996417524

		3.9		2.3368380297		21.4254618846		0.9997254613

		4		2.3967569536		21.9748327021		0.9997898966

		4.1		2.4566758774		22.5242035197		0.9998394018

		4.2		2.5165948012		23.0735743372		0.9998773715

		4.3		2.5765137251		23.6229451548		0.9999064489

		4.4		2.6364326489		24.1723159724		0.9999286863

		4.5		2.6963515728		24.7216867899		0.9999456723

		4.6		2.7562704966		25.2710576075		0.9999586334

		4.7		2.8161894204		25.820428425		0.9999685145

		4.8		2.8761083443		26.3697992426		0.9999760418

		4.9		2.9360272681		26.9191700601		0.9999817726

		5		2.995946192		27.4685408777		0.9999861333
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Pricing

		The data

		Given		a functional relationship of the form Y=a+bx+Z

				a,b known

				Z known to be normal with mean zero and known standard deviation

		Aim:		Sample Y for given values of X

		a=		200

		b=		-5

		Stdev of Z		5

		Sample size		30

		Price		Demand		(price-mean)		(price-mean)^2		lambda_i		Squared error

		$7.00		167		($2.05)		$4.22		-0.032595352		4.68

		$8.00		153		($1.05)		$1.11		-0.0167209923		44.96

		$8.00		161		($1.05)		$1.11		-0.0167209923		1.68

		$7.90		155		($1.15)		$1.33		-0.0183084282		27.24

		$9.10		156		$0.05		$0.00		0.0007408035		3.76

		$8.90		156		($0.15)		$0.02		-0.0024340685		0.83

		$7.20		157		($1.85)		$3.43		-0.02942048		46.39

		$8.10		150		($0.95)		$0.91		-0.0151335563		84.50

		$7.60		159		($1.45)		$2.11		-0.0230707361		7.61

		$7.20		170		($1.85)		$3.43		-0.02942048		38.30

		$9.70		159		$0.65		$0.42		0.0102654193		64.30

		$7.20		170		($1.85)		$3.43		-0.02942048		38.30

		$9.00		157		($0.05)		$0.00		-0.0008466325		5.89

		$7.70		162		($1.35)		$1.83		-0.0214833002		0.57

		$9.70		151		$0.65		$0.42		0.0102654193		0.00

		$7.50		165		($1.55)		$2.41		-0.0246581721		7.44

		$10.70		142		$1.65		$2.71		0.026139779		14.82

		$9.90		146		$0.85		$0.72		0.0134402912		15.64

		$10.90		146		$1.85		$3.41		0.029314651		1.38

		$7.10		163		($1.95)		$3.82		-0.031007916		1.75

		$9.20		147		$0.15		$0.02		0.0023282394		42.87

		$10.20		147		$1.15		$1.31		0.0182025992		2.00

		$10.70		144		$1.65		$2.71		0.026139779		3.42

		$8.70		162		($0.35)		$0.12		-0.0056089404		34.65

		$11.60		138		$2.55		$6.49		0.0404267028		10.44

		$10.70		152		$1.65		$2.71		0.026139779		37.83

		$10.80		153		$1.75		$3.05		0.027727215		58.73

		$8.80		160		($0.25)		$0.06		-0.0040215045		19.36

		$11.20		140		$2.15		$4.61		0.0340769589		10.78

		$11.30		141		$2.25		$5.05		0.0356643949		3.13

		Compute the slope of the least squares line

		Mean price		$9.05

		Mean demand		154.3

		Sum of (price-mean)^2		$62.99

		Slope estimate		-5.132		(sum of lambda_i*demand_i )

		Intercept estimate		200.760		(mean demand - slope estimate * mean price)

		Sum of squared errors		633.271

		Statistical analysis

		Degrees of freedom		28

		Slope multiplier for t-distribution		0.599

		Intercept multiplier for t-distribution		5.494

		Generate cumulative distribtuion function of the estimation error

		Theory in class: P(T(n-2)<=x)=P((b_est-b_real)/slope_multiplier<=x)=P(b_est-b_real<=slope_multiplier*x)																																						Current price				$10

																																								Envisaged promotion price				$8.50

		x		x times slope_multiplier		x times intercept_multiplier		t-distribution																																		Increased demand				=

		-5		-2.995946192		-27.4685408777		0.0000138667

		-4.9		-2.9360272681		-26.9191700601		0.0000182274

		-4.8		-2.8761083443		-26.3697992426		0.0000239582

		-4.7		-2.8161894204		-25.820428425		0.0000314855

		-4.6		-2.7562704966		-25.2710576075		0.0000413666

		-4.5		-2.6963515728		-24.7216867899		0.0000543277

		-4.4		-2.6364326489		-24.1723159724		0.0000713137

		-4.3		-2.5765137251		-23.6229451548		0.0000935511

		-4.2		-2.5165948012		-23.0735743372		0.0001226285

		-4.1		-2.4566758774		-22.5242035197		0.0001605982

		-4		-2.3967569536		-21.9748327021		0.0002101034

		-3.9		-2.3368380297		-21.4254618846		0.0002745387

		-3.8		-2.2769191059		-20.876091067		0.0003582476

		-3.7		-2.2170001821		-20.3267202495		0.0004667686

		-3.6		-2.1570812582		-19.7773494319		0.0006071341

		-3.5		-2.0971623344		-19.2279786144		0.0007882361

		-3.4		-2.0372434105		-18.6786077968		0.0010212635

		-3.3		-1.9773244867		-18.1292369793		0.0013202251

		-3.2		-1.9174055629		-17.5798661617		0.0017025638

		-3.1		-1.857486639		-17.0304953442		0.0021898703

		-3		-1.7975677152		-16.4811245266		0.0028086995

		-2.9		-1.7376487913		-15.931753709		0.0035914893

		-2.8		-1.6777298675		-15.3823828915		0.0045775721

		-2.7		-1.6178109437		-14.8330120739		0.0058142633

		-2.6		-1.5578920198		-14.2836412564		0.0073579961

		-2.5		-1.497973096		-13.7342704388		0.0092754614

		-2.4		-1.4380541721		-13.1848996213		0.0116446909

		-2.3		-1.3781352483		-12.6355288037		0.0145560074

		-2.2		-1.3182163245		-12.0861579862		0.0181127421

		-2.1		-1.2582974006		-11.5367871686		0.0224316112

		-2		-1.1983784768		-10.9874163511		0.0276426184

		-1.9		-1.1384595529		-10.4380455335		0.0338883406

		-1.8		-1.0785406291		-9.888674716		0.041322477

		-1.7		-1.0186217053		-9.3393038984		0.0501075227

		-1.6		-0.9587027814		-8.7899330809		0.0604114552

		-1.5		-0.8987838576		-8.2405622633		0.072403409

		-1.4		-0.8388649337		-7.6911914457		0.08624833

		-1.3		-0.7789460099		-7.1418206282		0.1021006666

		-1.2		-0.7190270861		-6.5924498106		0.1200972949

		-1.1		-0.6591081622		-6.0430789931		0.1403499261

		-1		-0.5991892384		-5.4937081755		0.1629373535

		-0.9		-0.5392703146		-4.944337358		0.1878979759

		-0.8		-0.4793513907		-4.3949665404		0.2152230907

		-0.7		-0.4194324669		-3.8455957229		0.2448514759

		-0.6		-0.359513543		-3.2962249053		0.2766657611

		-0.5		-0.2995946192		-2.7468540878		0.3104910219

		-0.4		-0.2396756954		-2.1974832702		0.3460959212

		-0.3		-0.1797567715		-1.6481124527		0.3831965624

		-0.2		-0.1198378477		-1.0987416351		0.4214630375

		-0.1		-0.0599189238		-0.5493708176		0.4605284499

		0		0		0		0.5

		0.1		0.0599189238		0.5493708176		0.5394715501

		0.2		0.1198378477		1.0987416351		0.5785369625

		0.3		0.1797567715		1.6481124527		0.6168034376

		0.4		0.2396756954		2.1974832702		0.6539040788

		0.5		0.2995946192		2.7468540878		0.6895089781

		0.6		0.359513543		3.2962249053		0.7233342389

		0.7		0.4194324669		3.8455957229		0.7551485241

		0.8		0.4793513907		4.3949665404		0.7847769093

		0.9		0.5392703146		4.944337358		0.8121020241

		1		0.5991892384		5.4937081755		0.8370626465

		1.1		0.6591081622		6.0430789931		0.8596500739

		1.2		0.7190270861		6.5924498106		0.8799027051

		1.3		0.7789460099		7.1418206282		0.8978993334

		1.4		0.8388649337		7.6911914457		0.91375167

		1.5		0.8987838576		8.2405622633		0.927596591

		1.6		0.9587027814		8.7899330809		0.9395885448

		1.7		1.0186217053		9.3393038984		0.9498924773

		1.8		1.0785406291		9.888674716		0.958677523

		1.9		1.1384595529		10.4380455335		0.9661116594

		2		1.1983784768		10.9874163511		0.9723573816

		2.1		1.2582974006		11.5367871686		0.9775683888

		2.2		1.3182163245		12.0861579862		0.9818872579

		2.3		1.3781352483		12.6355288037		0.9854439926

		2.4		1.4380541721		13.1848996213		0.9883553091

		2.5		1.497973096		13.7342704388		0.9907245386

		2.6		1.5578920198		14.2836412564		0.9926420039

		2.7		1.6178109437		14.8330120739		0.9941857367

		2.8		1.6777298675		15.3823828915		0.9954224279

		2.9		1.7376487913		15.931753709		0.9964085107

		3		1.7975677152		16.4811245266		0.9971913005

		3.1		1.857486639		17.0304953442		0.9978101297

		3.2		1.9174055629		17.5798661617		0.9982974362

		3.3		1.9773244867		18.1292369793		0.9986797749

		3.4		2.0372434105		18.6786077968		0.9989787365

		3.5		2.0971623344		19.2279786144		0.9992117639

		3.6		2.1570812582		19.7773494319		0.9993928659

		3.7		2.2170001821		20.3267202495		0.9995332314

		3.8		2.2769191059		20.876091067		0.9996417524

		3.9		2.3368380297		21.4254618846		0.9997254613

		4		2.3967569536		21.9748327021		0.9997898966

		4.1		2.4566758774		22.5242035197		0.9998394018

		4.2		2.5165948012		23.0735743372		0.9998773715

		4.3		2.5765137251		23.6229451548		0.9999064489

		4.4		2.6364326489		24.1723159724		0.9999286863

		4.5		2.6963515728		24.7216867899		0.9999456723

		4.6		2.7562704966		25.2710576075		0.9999586334

		4.7		2.8161894204		25.820428425		0.9999685145

		4.8		2.8761083443		26.3697992426		0.9999760418

		4.9		2.9360272681		26.9191700601		0.9999817726

		5		2.995946192		27.4685408777		0.9999861333
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Compute Confidence levels
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Known error variance
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Sheet2

		The data

		Given		a functional relationship of the form Y=a+bx+Z

				a,b known

				Z known to be normal with mean zero and known standard deviation

		Aim:		Sample Y for given values of X

		a=		200

		b=		-5

		Stdev of Z		5

		Sample size		30

		Price		Z		Demand		(price-mean)		(price-mean)^2		lambda_i		Squared error

		$7.00		7.2498323789		172		($2.05)		$4.22		-0.032595352		26.39

		$8.00		-9.1014953796		151		($1.05)		$1.11		-0.0167209923		101.06

		$8.00		1.6503975075		162		($1.05)		$1.11		-0.0167209923		0.90

		$7.90		5.4169277064		166		($1.15)		$1.33		-0.0183084282		19.06

		$9.10		8.7483840616		163		$0.05		$0.00		0.0007408035		69.52

		$8.90		0.196922656		156		($0.15)		$0.02		-0.0024340685		0.03

		$7.20		10.3322690848		174		($1.85)		$3.43		-0.02942048		68.87

		$8.10		3.4700462948		163		($0.95)		$0.91		-0.0151335563		6.39

		$7.60		-0.2813294486		162		($1.45)		$2.11		-0.0230707361		1.90

		$7.20		-1.5715102109		162		($1.85)		$3.43		-0.02942048		13.70

		$9.70		-3.3529659049		148		$0.65		$0.42		0.0102654193		10.09

		$7.20		1.7958313947		166		($1.85)		$3.43		-0.02942048		0.09

		$9.00		-3.3299784263		152		($0.05)		$0.00		-0.0008466325		10.52

		$7.70		-8.3991835709		153		($1.35)		$1.83		-0.0214833002		95.96

		$9.70		4.7966182137		156		$0.65		$0.42		0.0102654193		23.27

		$7.50		-0.8634174264		162		($1.55)		$2.41		-0.0246581721		3.83

		$10.70		-0.1987075393		146		$1.65		$2.71		0.026139779		0.40

		$9.90		-8.4971361503		142		$0.85		$0.72		0.0134402912		64.23

		$10.90		-1.0082885638		144		$1.85		$3.41		0.029314651		0.04

		$7.10		7.5921434473		172		($1.95)		$3.82		-0.031007916		32.70

		$9.20		-3.8970597416		150		$0.15		$0.02		0.0023282394		16.66

		$10.20		6.4071173256		155		$1.15		$1.31		0.0182025992		45.28

		$10.70		6.1253103922		153		$1.65		$2.71		0.026139779		58.27

		$8.70		-4.4176658776		152		($0.35)		$0.12		-0.0056089404		24.86

		$11.60		-3.9710016608		138		$2.55		$6.49		0.0404267028		4.57

		$10.70		-1.5238811102		145		$1.65		$2.71		0.026139779		0.13

		$10.80		4.6902187023		151		$1.75		$3.05		0.027727215		38.62

		$8.80		-3.0815044738		153		($0.25)		$0.06		-0.0040215045		11.60

		$11.20		0.8363372217		145		$2.15		$4.61		0.0340769589		6.44

		$11.30		-9.7086285678		134		$2.25		$5.05		0.0356643949		62.10

		Compute the slope of the least squares line

		Mean price		$9.05

		Mean demand		154.9333333333

		Sum of (price-mean)^2		$62.99

		Slope estimate		-5.8099098336		(sum of lambda_i*demand_i )

		Intercept estimate		$207.53		(mean demand - slope estimate * mean price)

		Sum of squared errors		817.48

		Statistical analysis

		Degrees of freedom		28

		Slope multiplier for t-distribution		0.6807807021

		Intercept mult. for t-distribution		6.2417851809

		Generate confidence level functions

		One-sided: C(r)=F(r/slope_multiplier); hence C(x*slope_multiplier)=F(x) (here F(x) is CDF of t-distribution with n-2 degrees of freedom)

		Two-sided:2*C(r)-1, I.e. 2-sided confidence level at x*slope_multiplier is 2F(x)-1 (assumes that x>=0)

		x		x times slope multiplier		x times intercept multiplier		Cumulative t-distribution function		transformed t-distribution for 2-sided CI

		-5		-3.4039035104		-31.2089259046		0.0000138667

		-4.9		-3.3358254402		-30.5847473865		0.0000182274

		-4.8		-3.26774737		-29.9605688684		0.0000239582

		-4.7		-3.1996692998		-29.3363903503		0.0000314855

		-4.6		-3.1315912296		-28.7122118322		0.0000413666

		-4.5		-3.0635131594		-28.0880333141		0.0000543277

		-4.4		-2.9954350892		-27.463854796		0.0000713137

		-4.3		-2.9273570189		-26.8396762779		0.0000935511

		-4.2		-2.8592789487		-26.2154977599		0.0001226285

		-4.1		-2.7912008785		-25.5913192418		0.0001605982

		-4		-2.7231228083		-24.9671407237		0.0002101034

		-3.9		-2.6550447381		-24.3429622056		0.0002745387

		-3.8		-2.5869666679		-23.7187836875		0.0003582476

		-3.7		-2.5188885977		-23.0946051694		0.0004667686

		-3.6		-2.4508105275		-22.4704266513		0.0006071341

		-3.5		-2.3827324573		-21.8462481332		0.0007882361

		-3.4		-2.3146543871		-21.2220696151		0.0010212635

		-3.3		-2.2465763169		-20.597891097		0.0013202251

		-3.2		-2.1784982467		-19.9737125789		0.0017025638

		-3.1		-2.1104201764		-19.3495340608		0.0021898703

		-3		-2.0423421062		-18.7253555428		0.0028086995

		-2.9		-1.974264036		-18.1011770247		0.0035914893

		-2.8		-1.9061859658		-17.4769985066		0.0045775721

		-2.7		-1.8381078956		-16.8528199885		0.0058142633

		-2.6		-1.7700298254		-16.2286414704		0.0073579961

		-2.5		-1.7019517552		-15.6044629523		0.0092754614

		-2.4		-1.633873685		-14.9802844342		0.0116446909

		-2.3		-1.5657956148		-14.3561059161		0.0145560074

		-2.2		-1.4977175446		-13.731927398		0.0181127421

		-2.1		-1.4296394744		-13.1077488799		0.0224316112

		-2		-1.3615614042		-12.4835703618		0.0276426184

		-1.9		-1.293483334		-11.8593918437		0.0338883406

		-1.8		-1.2254052637		-11.2352133257		0.041322477

		-1.7		-1.1573271935		-10.6110348076		0.0501075227

		-1.6		-1.0892491233		-9.9868562895		0.0604114552

		-1.5		-1.0211710531		-9.3626777714		0.072403409

		-1.4		-0.9530929829		-8.7384992533		0.08624833

		-1.3		-0.8850149127		-8.1143207352		0.1021006666

		-1.2		-0.8169368425		-7.4901422171		0.1200972949

		-1.1		-0.7488587723		-6.865963699		0.1403499261

		-1		-0.6807807021		-6.2417851809		0.1629373535

		-0.9		-0.6127026319		-5.6176066628		0.1878979759

		-0.8		-0.5446245617		-4.9934281447		0.2152230907

		-0.7		-0.4765464915		-4.3692496266		0.2448514759

		-0.6		-0.4084684212		-3.7450711086		0.2766657611

		-0.5		-0.340390351		-3.1208925905		0.3104910219

		-0.4		-0.2723122808		-2.4967140724		0.3460959212

		-0.3		-0.2042342106		-1.8725355543		0.3831965624

		-0.2		-0.1361561404		-1.2483570362		0.4214630375

		-0.1		-0.0680780702		-0.6241785181		0.4605284499

		0		0		0		0.5		0

		0.1		0.0680780702		0.6241785181		0.5394715501		0.0789431002

		0.2		0.1361561404		1.2483570362		0.5785369625		0.1570739251

		0.3		0.2042342106		1.8725355543		0.6168034376		0.2336068752

		0.4		0.2723122808		2.4967140724		0.6539040788		0.3078081577

		0.5		0.340390351		3.1208925905		0.6895089781		0.3790179563

		0.6		0.4084684212		3.7450711086		0.7233342389		0.4466684779

		0.7		0.4765464915		4.3692496266		0.7551485241		0.5102970482

		0.8		0.5446245617		4.9934281447		0.7847769093		0.5695538187

		0.9		0.6127026319		5.6176066628		0.8121020241		0.6242040483

		1		0.6807807021		6.2417851809		0.8370626465		0.6741252931

		1.1		0.7488587723		6.865963699		0.8596500739		0.7193001479

		1.2		0.8169368425		7.4901422171		0.8799027051		0.7598054102

		1.3		0.8850149127		8.1143207352		0.8978993334		0.7957986668

		1.4		0.9530929829		8.7384992533		0.91375167		0.8275033401

		1.5		1.0211710531		9.3626777714		0.927596591		0.8551931819

		1.6		1.0892491233		9.9868562895		0.9395885448		0.8791770895

		1.7		1.1573271935		10.6110348076		0.9498924773		0.8997849546

		1.8		1.2254052637		11.2352133257		0.958677523		0.917355046

		1.9		1.293483334		11.8593918437		0.9661116594		0.9322233189

		2		1.3615614042		12.4835703618		0.9723573816		0.9447147632

		2.1		1.4296394744		13.1077488799		0.9775683888		0.9551367776

		2.2		1.4977175446		13.731927398		0.9818872579		0.9637745159

		2.3		1.5657956148		14.3561059161		0.9854439926		0.9708879851

		2.4		1.633873685		14.9802844342		0.9883553091		0.9767106182

		2.5		1.7019517552		15.6044629523		0.9907245386		0.9814490772

		2.6		1.7700298254		16.2286414704		0.9926420039		0.9852840078

		2.7		1.8381078956		16.8528199885		0.9941857367		0.9883714734

		2.8		1.9061859658		17.4769985066		0.9954224279		0.9908448558

		2.9		1.974264036		18.1011770247		0.9964085107		0.9928170214

		3		2.0423421062		18.7253555428		0.9971913005		0.994382601

		3.1		2.1104201764		19.3495340608		0.9978101297		0.9956202594

		3.2		2.1784982467		19.9737125789		0.9982974362		0.9965948723

		3.3		2.2465763169		20.597891097		0.9986797749		0.9973595498

		3.4		2.3146543871		21.2220696151		0.9989787365		0.997957473

		3.5		2.3827324573		21.8462481332		0.9992117639		0.9984235279

		3.6		2.4508105275		22.4704266513		0.9993928659		0.9987857317

		3.7		2.5188885977		23.0946051694		0.9995332314		0.9990664629

		3.8		2.5869666679		23.7187836875		0.9996417524		0.9992835047

		3.9		2.6550447381		24.3429622056		0.9997254613		0.9994509227

		4		2.7231228083		24.9671407237		0.9997898966		0.9995797931

		4.1		2.7912008785		25.5913192418		0.9998394018		0.9996788037

		4.2		2.8592789487		26.2154977599		0.9998773715		0.999754743

		4.3		2.9273570189		26.8396762779		0.9999064489		0.9998128978

		4.4		2.9954350892		27.463854796		0.9999286863		0.9998573726

		4.5		3.0635131594		28.0880333141		0.9999456723		0.9998913445

		4.6		3.1315912296		28.7122118322		0.9999586334		0.9999172668

		4.7		3.1996692998		29.3363903503		0.9999685145		0.999937029

		4.8		3.26774737		29.9605688684		0.9999760418		0.9999520837

		4.9		3.3358254402		30.5847473865		0.9999817726		0.9999635451

		5		3.4039035104		0.8010528807		0.9999861333		0.9999722666
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C(x)=
confidence level associated with CI 
[b-x,infinity)

Confidence level for one-sided CI's for slope
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		27.3584593626

		28.0098512522

		28.6612431418

		29.3126350314

		29.964026921

		30.6154188105

		31.2668107001

		31.9182025897

		0.7675870824



x

C(x)=
confidence level 
associated with CI
[a-x,infty)

Confidence level for one-sided CI's for intercept
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		0

		0.0710461855

		0.142092371

		0.2131385566

		0.2841847421

		0.3552309276

		0.4262771131

		0.4973232986

		0.5683694841

		0.6394156697

		0.7104618552

		0.7815080407

		0.8525542262

		0.9236004117

		0.9946465972

		1.0656927828

		1.1367389683

		1.2077851538

		1.2788313393

		1.3498775248

		1.4209237103

		1.4919698959

		1.5630160814

		1.6340622669

		1.7051084524

		1.7761546379

		1.8472008234

		1.918247009

		1.9892931945

		2.06033938

		2.1313855655

		2.202431751

		2.2734779365

		2.3445241221

		2.4155703076

		2.4866164931

		2.5576626786

		2.6287088641

		2.6997550496

		2.7708012352

		2.8418474207

		2.9128936062

		2.9839397917

		3.0549859772

		3.1260321628

		3.1970783483

		3.2681245338

		3.3391707193

		3.4102169048

		3.4812630903

		3.5523092759



x

C(x)=
confidence level associated with CI 
[b-x,b+x)

Confidence level for two-sided CI's for slope
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		0

		0.6513918896

		1.3027837792

		1.9541756688

		2.6055675583

		3.2569594479

		3.9083513375

		4.5597432271

		5.2111351167

		5.8625270063

		6.5139188959

		7.1653107854

		7.816702675

		8.4680945646

		9.1194864542

		9.7708783438

		10.4222702334

		11.073662123

		11.7250540125

		12.3764459021

		13.0278377917

		13.6792296813

		14.3306215709

		14.9820134605

		15.6334053501

		16.2847972397

		16.9361891292

		17.5875810188

		18.2389729084

		18.890364798

		19.5417566876

		20.1931485772

		20.8445404668

		21.4959323563

		22.1473242459

		22.7987161355

		23.4501080251

		24.1014999147

		24.7528918043

		25.4042836939

		26.0556755834

		26.707067473

		27.3584593626

		28.0098512522

		28.6612431418

		29.3126350314

		29.964026921

		30.6154188105

		31.2668107001

		31.9182025897

		0.7675870824



x

C(x)=
confidence level associated with CI 
[a-x,a+x)

Confidence level for two-sided CI's for intercept

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0



		The data

		Given		a functional relationship of the form Y=a+bx+Z

				a,b known

				Z known to be normal with mean zero and known standard deviation

		Aim:		Sample Y for given values of X

		a=		200

		b=		-5

		Stdev of Z		5

		Sample size		30

		Price		Z		Demand		(price-mean)		(price-mean)^2		lambda_i		Squared error

		$7.00		-1.3584440239		164		($2.05)		$4.22		-0.032595352		4.71

		$8.00		-4.4965872803		156		($1.05)		$1.11		-0.0167209923		20.13

		$8.00		1.9103481463		162		($1.05)		$1.11		-0.0167209923		2.29

		$7.90		-9.6855728771		151		($1.15)		$1.33		-0.0183084282		101.09

		$9.10		-5.1875531426		149		$0.05		$0.00		0.0007408035		27.40

		$8.90		6.3319248511		162		($0.15)		$0.02		-0.0024340685		43.94

		$7.20		2.8759473025		167		($1.85)		$3.43		-0.02942048		3.87

		$8.10		10.3525508166		170		($0.95)		$0.91		-0.0151335563		101.65

		$7.60		1.6166211481		164		($1.45)		$2.11		-0.0230707361		1.54

		$7.20		3.684431249		168		($1.85)		$3.43		-0.02942048		8.81

		$9.70		0.3599438969		152		$0.65		$0.42		0.0102654193		1.38

		$7.20		0.2338197191		164		($1.85)		$3.43		-0.02942048		1.07

		$9.00		5.5309214986		161		($0.05)		$0.00		-0.0008466325		38.40

		$7.70		-10.1137629827		151		($1.35)		$1.83		-0.0214833002		125.24

		$9.70		5.1661345424		157		$0.65		$0.42		0.0102654193		38.13

		$7.50		2.720264547		165		($1.55)		$2.41		-0.0246581721		2.80

		$10.70		2.2215317586		149		$1.65		$2.71		0.026139779		14.88

		$9.90		6.2041522142		157		$0.85		$0.72		0.0134402912		53.46

		$10.90		-6.9404222813		139		$1.85		$3.41		0.029314651		25.05

		$7.10		11.7972376756		176		($1.95)		$3.82		-0.031007916		108.14

		$9.20		-2.1000744255		152		$0.15		$0.02		0.0023282394		2.78

		$10.20		-3.8896473598		145		$1.15		$1.31		0.0182025992		8.90

		$10.70		-4.4274543143		142		$1.65		$2.71		0.026139779		9.87

		$8.70		-9.6890744317		147		($0.35)		$0.12		-0.0056089404		90.40

		$11.60		3.0263777262		145		$2.55		$6.49		0.0404267028		24.73

		$10.70		-12.4238795252		134		$1.65		$2.71		0.026139779		124.14

		$10.80		5.5691089074		152		$1.75		$3.05		0.027727215		55.15

		$8.80		-4.5143906391		151		($0.25)		$0.06		-0.0040215045		24.40

		$11.20		-1.8734169771		142		$2.15		$4.61		0.0340769589		0.09

		$11.30		-2.1246194137		141		$2.25		$5.05		0.0356643949		0.54

		Compute the slope of the least squares line

		Mean price		$9.05

		Mean demand		154.5

		Sum of (price-mean)^2		$62.99

		Slope estimate		-5.6830207848		(sum of lambda_i*demand_i )

		Intercept estimate		$205.95		(mean demand - slope estimate * mean price)

		Sum of squared errors		1064.98

		Statistical analysis

		Degrees of freedom		28

		Slope multiplier for normal		0.6299674542		(assumes Stdev of Z known)

		Intercept mult. for normal		5.7759003863		(assumes Stdev of Z known)

		Generate cumulative distribtuion function of the estimation errors (here the confidence level is a cdf since it does not depend on the sample, i.e. is not random)

		Theory in class: P(Z<=x)=P((b_est-b_real)/slope_multiplier<=x)=P(b_est-b_real<=slope_multiplier*x)

		x		x times slope multiplier		x times intercept multiplier		t-distribution

		-5		-3.149837271		-28.8795019313		0.0000138667

		-4.9		-3.0868405256		-28.3019118927		0.0000182274

		-4.8		-3.0238437802		-27.724321854		0.0000239582

		-4.7		-2.9608470348		-27.1467318154		0.0000314855

		-4.6		-2.8978502893		-26.5691417768		0.0000413666

		-4.5		-2.8348535439		-25.9915517382		0.0000543277

		-4.4		-2.7718567985		-25.4139616995		0.0000713137

		-4.3		-2.7088600531		-24.8363716609		0.0000935511

		-4.2		-2.6458633076		-24.2587816223		0.0001226285

		-4.1		-2.5828665622		-23.6811915837		0.0001605982

		-4		-2.5198698168		-23.103601545		0.0002101034

		-3.9		-2.4568730714		-22.5260115064		0.0002745387

		-3.8		-2.393876326		-21.9484214678		0.0003582476

		-3.7		-2.3308795805		-21.3708314292		0.0004667686

		-3.6		-2.2678828351		-20.7932413905		0.0006071341

		-3.5		-2.2048860897		-20.2156513519		0.0007882361

		-3.4		-2.1418893443		-19.6380613133		0.0010212635

		-3.3		-2.0788925989		-19.0604712747		0.0013202251

		-3.2		-2.0158958534		-18.482881236		0.0017025638

		-3.1		-1.952899108		-17.9052911974		0.0021898703

		-3		-1.8899023626		-17.3277011588		0.0028086995

		-2.9		-1.8269056172		-16.7501111201		0.0035914893

		-2.8		-1.7639088718		-16.1725210815		0.0045775721

		-2.7		-1.7009121263		-15.5949310429		0.0058142633

		-2.6		-1.6379153809		-15.0173410043		0.0073579961

		-2.5		-1.5749186355		-14.4397509656		0.0092754614

		-2.4		-1.5119218901		-13.862160927		0.0116446909

		-2.3		-1.4489251447		-13.2845708884		0.0145560074

		-2.2		-1.3859283992		-12.7069808498		0.0181127421

		-2.1		-1.3229316538		-12.1293908111		0.0224316112

		-2		-1.2599349084		-11.5518007725		0.0276426184

		-1.9		-1.196938163		-10.9742107339		0.0338883406

		-1.8		-1.1339414176		-10.3966206953		0.041322477

		-1.7		-1.0709446721		-9.8190306566		0.0501075227

		-1.6		-1.0079479267		-9.241440618		0.0604114552

		-1.5		-0.9449511813		-8.6638505794		0.072403409

		-1.4		-0.8819544359		-8.0862605408		0.08624833

		-1.3		-0.8189576905		-7.5086705021		0.1021006666

		-1.2		-0.755960945		-6.9310804635		0.1200972949

		-1.1		-0.6929641996		-6.3534904249		0.1403499261

		-1		-0.6299674542		-5.7759003863		0.1629373535

		-0.9		-0.5669707088		-5.1983103476		0.1878979759

		-0.8		-0.5039739634		-4.620720309		0.2152230907

		-0.7		-0.4409772179		-4.0431302704		0.2448514759

		-0.6		-0.3779804725		-3.4655402318		0.2766657611

		-0.5		-0.3149837271		-2.8879501931		0.3104910219

		-0.4		-0.2519869817		-2.3103601545		0.3460959212

		-0.3		-0.1889902363		-1.7327701159		0.3831965624

		-0.2		-0.1259934908		-1.1551800773		0.4214630375

		-0.1		-0.0629967454		-0.5775900386		0.4605284499

		0		0		0		0.5

		0.1		0.0629967454		0.5775900386		0.5394715501

		0.2		0.1259934908		1.1551800773		0.5785369625

		0.3		0.1889902363		1.7327701159		0.6168034376

		0.4		0.2519869817		2.3103601545		0.6539040788

		0.5		0.3149837271		2.8879501931		0.6895089781

		0.6		0.3779804725		3.4655402318		0.7233342389

		0.7		0.4409772179		4.0431302704		0.7551485241

		0.8		0.5039739634		4.620720309		0.7847769093

		0.9		0.5669707088		5.1983103476		0.8121020241

		1		0.6299674542		5.7759003863		0.8370626465

		1.1		0.6929641996		6.3534904249		0.8596500739

		1.2		0.755960945		6.9310804635		0.8799027051

		1.3		0.8189576905		7.5086705021		0.8978993334

		1.4		0.8819544359		8.0862605408		0.91375167

		1.5		0.9449511813		8.6638505794		0.927596591

		1.6		1.0079479267		9.241440618		0.9395885448

		1.7		1.0709446721		9.8190306566		0.9498924773

		1.8		1.1339414176		10.3966206953		0.958677523

		1.9		1.196938163		10.9742107339		0.9661116594

		2		1.2599349084		11.5518007725		0.9723573816

		2.1		1.3229316538		12.1293908111		0.9775683888

		2.2		1.3859283992		12.7069808498		0.9818872579

		2.3		1.4489251447		13.2845708884		0.9854439926

		2.4		1.5119218901		13.862160927		0.9883553091

		2.5		1.5749186355		14.4397509656		0.9907245386

		2.6		1.6379153809		15.0173410043		0.9926420039

		2.7		1.7009121263		15.5949310429		0.9941857367

		2.8		1.7639088718		16.1725210815		0.9954224279

		2.9		1.8269056172		16.7501111201		0.9964085107

		3		1.8899023626		17.3277011588		0.9971913005

		3.1		1.952899108		17.9052911974		0.9978101297

		3.2		2.0158958534		18.482881236		0.9982974362

		3.3		2.0788925989		19.0604712747		0.9986797749

		3.4		2.1418893443		19.6380613133		0.9989787365

		3.5		2.2048860897		20.2156513519		0.9992117639

		3.6		2.2678828351		20.7932413905		0.9993928659

		3.7		2.3308795805		21.3708314292		0.9995332314

		3.8		2.393876326		21.9484214678		0.9996417524

		3.9		2.4568730714		22.5260115064		0.9997254613

		4		2.5198698168		23.103601545		0.9997898966

		4.1		2.5828665622		23.6811915837		0.9998394018

		4.2		2.6458633076		24.2587816223		0.9998773715

		4.3		2.7088600531		24.8363716609		0.9999064489

		4.4		2.7718567985		25.4139616995		0.9999286863

		4.5		2.8348535439		25.9915517382		0.9999456723

		4.6		2.8978502893		26.5691417768		0.9999586334

		4.7		2.9608470348		27.1467318154		0.9999685145

		4.8		3.0238437802		27.724321854		0.9999760418

		4.9		3.0868405256		28.3019118927		0.9999817726

		5		3.149837271		0.8656658989		0.9999861333
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Direct Problem

		Regression

		The direct problem:

		Given		a functional relationship of the form Y=a+bx+Z

				a,b known

				Z known to be normal with mean zero and known standard deviation

		Aim:		Sample Y for given values of X

		a=		200

		b=		-5

		Stdev of Z		15

		X		Z		Y

		1		4.5634578782		199.5634578782

		2		-19.5024540517		170.4975459483

		3		4.2648252929		189.2648252929

		4		16.0019453688		196.0019453688

		5		-0.1443368092		174.8556631908

		6		-34.7275999957		135.2724000043

		7		-4.4890725803		160.5109274197

		8		-2.6439010981		157.3560989019

		9		7.1739691521		162.1739691521

		10		0.1687396889		150.1687396889

		11		11.9320702652		156.9320702652

		12		6.7343080445		146.7343080445

		13		-4.9976108585		130.0023891415

		14		-20.5878109227		109.4121890773

		15		0.4816286037		125.4816286037

		16		-0.2476610916		119.7523389084

		17		-29.8479790217		85.1520209783

		18		-22.1628624786		87.8371375214

		19		-3.761078915		101.238921085

		20		0.5109598078		100.5109598078

		21		-15.6228225023		79.3771774977

		22		9.6852659226		99.6852659226

		23		-12.8827082335		72.1172917665

		24		-4.1526334371		75.8473665629

		25		9.6148198736		84.6148198736

		26		-10.7700259377		59.2299740623

		27		7.0103624239		72.0103624239

		28		-8.1918813066		51.8081186934

		29		10.2724698081		65.2724698081

		30		-17.2198042492		32.7801957508

		Linear Model
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X as control variable
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X as random variable

		Regression

		The direct problem:

		Given		a functional relationship of the form Y=aX+b+Z

				a,b known

				Z known to be normal with mean zero and known variance

		Aim:		Sample Y for given values of X

		a=		10

		b=		50

		std of Z		20

		X		Z		Y

		1		10.6323568616		70.6323568616

		2		15.937439457		85.937439457

		3		8.6106865638		88.6106865638

		4		20.9472545976		110.9472545976

		5		32.0255821862		132.0255821862

		6		-4.1031398723		105.8968601277

		7		0.2147544365		120.2147544365

		8		15.499449546		145.499449546

		9		8.5490682977		148.5490682977

		10		20.2531737159		170.2531737159

		11		32.6334884448		192.6334884448

		12		8.5438387032		178.5438387032

		13		26.8806616077		206.8806616077

		14		1.9843810151		191.9843810151

		15		17.9369635589		217.9369635589

		16		-9.9648332252		200.0351667748

		17		-3.0700903153		216.9299096847

		18		6.8834197009		236.8834197009

		19		-40.286067815		199.713932185

		20		-19.6696419152		230.3303580848

		21		31.8305865221		291.8305865221

		22		12.580630937		282.580630937

		23		31.7069861921		311.7069861921

		24		23.5034349316		313.5034349316

		25		-32.0834260492		267.9165739508

		26		22.2674316319		332.2674316319

		27		-14.4164687299		305.5835312701

		28		-21.1296082853		308.8703917147

		29		29.8022314382		369.8022314382

		30		-3.8573944039		346.1426055961

		The inverse problem:

		Given		A sample of (X,Y) pairs

		Assumption:		The functional relationship between X and Y is of the form Y=a+bX+Z,

		Aim:		Estimate the parameters a and b
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Distribution of p1
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Sheet2

		Regression

		The direct problem:

		Given		a functional relationship of the form Y=aX+b+Z

				a,b known

				Z known to be normal with mean zero and known variance

				X known to be uniformly distributed on [0,30]

		Aim:		Sample (X,Y) pairs

		a=		10

		b=		50

		std of Z		20

		X		Z		Y

		15.3181137667		20.8293386095		224.0104762762

		16.6797128461		4.7220055421		221.5191340027

		6.9101964395		-6.1463197198		112.9556446754

		9.9172751723		16.5937763086		165.7665280316

		1.1410212843		13.0934949993		74.5037078419

		21.3045363497		5.3977601056		268.4431236023

		13.0990892625		-4.2163264879		176.7745661367

		24.2199912531		-37.8746335628		254.3252789679

		8.973622946		23.1395006267		162.8757300872

		27.92469122		18.6460056284		347.8929178281

		22.0749965827		19.0339505934		289.7839164201

		15.0797391229		17.94878699		218.7461782194

		25.7691549219		-18.7947080121		288.8968412069

		26.6769280259		-7.7965751188		308.9727051403

		5.323653397		57.5440935791		160.7806275492

		15.3325000747		3.0583350963		206.3833358434

		15.4522293225		13.8783434522		218.4006366773

		5.7694014548		28.2433575194		135.9373720678

		25.2815685478		2.7230953492		305.5387808275

		15.7335589844		21.082450985		228.4180408292

		5.85563404		-20.6666754821		87.8896649175

		14.1169568586		6.766322258		197.9358908442

		11.3359140101		-16.0100171342		147.3491229665

		12.4864412008		21.2469785765		196.1113905845

		18.2567279186		21.2054601434		253.7727393292

		29.3423667975		28.669319363		372.0929873375

		4.9988368953		8.4625298769		108.4508988302

		10.795387766		-12.7785369841		145.1753406759

		23.0309715814		15.69660526		296.0063210735

		4.8480566676		-10.2884769149		88.1920897614

		The inverse problem:

		Given		A sample of (X,Y) pairs

		Assumption:		The functional relationship between X and Y is of the form Y=a+bX+Z,

		Aim:		Estimate the parameters a and b
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Sheet3

				Regression

				The direct problem:

				Given		a functional relationship of the form Y=aX+b+Z

						a,b known

						Z known to be normal with mean zero and known variance

						X known to be uniformly distributed on [0,30]

				Aim:		Sample (X,Y) pairs

				a=		10

				b=		50

				std of Z		20

				X		Z		Y		X-Mean		(X-Mean)^2		(X-Mean)* Y

				6.0581329185		23.092252377		133.6735815617		-8.9569849827		80.2275799806		-1197.3122626339

				16.6265877531		-7.6082869782		208.6575905525		1.6114698519		2.5968350835		336.2454165418

				13.263202324		-3.6093979361		179.0226253038		-1.7519155772		3.0692081896		-313.6325259407

				4.2498339165		-2.6393990993		89.8589400652		-10.7652839847		115.891339272		-967.3570083698

				13.9587034789		-20.653988031		168.9330467583		-1.0564144223		1.1160114316		-178.4633069927

				24.7666765112		29.4996425509		327.1664076634		9.7515586101		95.0928953254		3190.3823995715

				29.8698269505		9.0996536528		357.7979231578		14.8547090493		220.6623809395		5314.9840469546

				17.9102908162		10.4658738564		239.5687820184		2.895172915		8.3820262078		693.5930489794

				13.3059158082		-22.2904418479		160.7687162344		-1.709202093		2.9213717946		-274.7862262709

				3.7389625811		14.4830210047		101.8726468155		-11.2761553201		127.1516788033		-1148.7317883623

				6.6913187735		-9.267250789		107.6459369462		-8.3237991277		69.2856319178		-896.0231560502

				21.7814847147		-18.8106696442		249.0041775028		6.7663668135		45.7837198549		1684.8536030799

				22.3011930425		23.3982973441		296.4102277691		7.2860751413		53.0868909648		2159.6671921788

				26.3566803949		10.1384330264		323.705236975		11.3415624937		128.6310397978		3671.3231746807

				15.297967916		33.8372956321		236.8169747923		0.2828500148		0.0800041309		66.9836848318

				7.6827132162		36.684468796		163.5116009581		-7.332404685		53.7641584644		-1198.9332289141

				8.2663063587		-29.3894117931		103.2736517937		-6.7488115425		45.5464572364		-696.9744132626

				9.7345585545		-31.9072569255		115.4383286199		-5.2805593466		27.8843070135		-609.5789451554

				29.4393741585		-1.7999582269		342.5937833585		14.4242562574		208.0591685777		4941.6605233383

				20.4334210254		3.6851361074		258.0193463613		5.4183031242		29.3580087457		1398.0270304932

				12.9677003459		3.337254384		183.0142578429		-2.0474175553		4.1919186457		-374.7066043767

				12.124907037		-1.8975697458		169.3515006245		-2.8902108642		8.3533188393		-489.4615469664

				15.0518206932		1.5624891603		202.0806960926		0.036702792		0.0013470949		7.4169257651

				20.2708382585		-0.3601144272		252.3482681578		5.2557203573		27.6225964742		1326.2719300891

				6.2423467248		-19.4345830096		92.9888842381		-8.7727711764		76.961514114		-815.7702033717

				22.4269938888		-0.0914496923		274.1784891955		7.4118759876		54.9359056554		2032.1769603826

				1.846791718		16.4872062669		84.9551234473		-13.1683261831		173.4048144657		-1118.7167764839

				23.6812728968		-16.2182004715		270.5945284964		8.6661549956		75.1022424077		2345.0141249099

				20.1209293325		31.1520125251		282.3613058506		5.1058114314		26.0693103726		1441.6835831845

				3.986784927		-13.4103402161		76.457509054		-11.0283329742		121.6241281894		-843.1988682241

		Mean		15.0151179012				201.7356696069

				The inverse problem:

				Given		A sample of (X,Y) pairs

				Assumption:		The functional relationship between X and Y is of the form Y=a+bX+Z,

				Aim:		Estimate the parameters a and b

				p1		10.3275597559

				p0		46.6661422402
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		Regression

		The direct problem:

		Given		a functional relationship of the form Y=aX^3+bX^2+CX+d+Z

				a,b,c,d known

				Z known to be normal with mean zero and known variance

				X known to be uniformly distributed on [0,30]

		Aim:		Sample (X,Y) pairs

		a=		-0.5

		b=		-1

		c=		-1

		d=		15000

		std of Z		1000

		X		Z		Y

		1		985.6807992037		15983.1807992037

		2		-902.0050129038		14087.9949870962

		3		330.8753093734		15305.3753093734

		4		892.9623618315		15840.9623618315

		5		-1251.7466529971		13655.7533470029

		6		441.8825483299		15291.8825483299

		7		-573.8365871366		14198.6634128634

		8		1527.660060674		16199.660060674

		9		139.0185389027		14684.5185389027

		10		349.8348633002		14739.8348633002

		11		1396.088009642		15598.588009642

		12		-433.7084646977		13546.2915353023

		13		-710.2357812983		13009.2642187017

		14		-653.3650775964		12764.6349224036

		15		1062.148839992		14134.648839992

		16		-978.538992058		11701.461007942

		17		1336.7844076129		13574.2844076129

		18		1861.3081920193		13603.3081920194

		19		-472.741703561		10717.758296439

		20		-707.6027941366		9872.3972058634

		21		-571.4707640436		9336.0292359564

		22		863.3924153401		10033.3924153401

		23		-463.0169314623		7901.4830685377

		24		-265.4132913449		7222.5867086551

		25		1292.8876458318		7830.3876458318

		26		15.1192125486		5525.1192125486

		27		1626.3311408693		6028.8311408693

		28		-1226.5172699699		1985.4827300301

		29		98.6483428278		2034.1483428278

		30		228.6549261044		798.6549261044

		The inverse problem:

		Given		A sample of (X,Y) pairs

		Assumption:		The functional relationship between X and Y is of the form Y=p(X)+Z, where p is a polynomial of degree 3

		Aim:		Estimate the parameters a and b
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Direct Problem

		Regression

		The direct problem:

		Given		a functional relationship of the form Y=a+bx+Z

				a,b known

				Z known to be normal with mean zero and known variance

		Aim:		Sample Y for given values of X

		Model Parameters:

		a=		500

		b=		-10

		Stdev of Z		50

		x		Z		Y

		10		-14.1579334922		385.8420665078

		11		72.3232460587		462.3232460587

		12		-37.5789568352		342.4210431648

		13		-33.8969812219		336.1030187781

		14		27.3088289759		387.3088289759

		15		49.974914873		399.974914873

		16		54.615497902		394.615497902

		17		-24.5441356128		305.4558643872

		18		84.0332177177		404.0332177177

		19		-15.2476786752		294.7523213248

		20		-48.5022155772		251.4977844228

		21		14.5674334817		304.5674334817

		22		-30.1538420899		249.8461579101

		23		11.7032641356		281.7032641356

		24		-3.0963747122		256.9036252878

		25		-36.4500465366		213.5499534634

		26		1.005332706		241.005332706

		27		-1.9066987988		228.0933012012

		28		-20.7559196497		199.2440803503

		29		42.4900008511		252.4900008511

		30		-9.6512167147		190.3487832853

		31		-61.1460109212		128.8539890788

		32		-42.318447413		137.681552587

		33		-14.8521621668		155.1478378332

		34		38.8073431168		198.8073431168

		35		-73.5331013857		76.4668986143

		36		-3.4905269786		136.5094730214

		37		-11.134432043		118.865567957

		38		-16.1900857165		103.8099142835

		39		58.2106167712		168.2106167712





Direct Problem

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0

		0



Price x

Demand Y

Scatter Plot

459.0707713854

337.1691580766

396.5236997418

347.4888124193

366.8261556407

434.4006535772

320.6906316735

318.8346451371

202.2058842052

393.894974523

331.4186081596

336.4500544695

261.1498128111

324.9906644665

251.9334072729

229.728386279

264.2665691985

179.9889327126

269.2559593113

201.8178446023

188.1273424762

102.0236680028

195.8649413606

149.7397549628

161.265902938

212.8790530754

90.2089167436

106.005597091

85.6912450519

55.2631982422



X as control variable
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X as random variable

		Regression

		The direct problem:

		Given		a functional relationship of the form Y=aX+b+Z

				a,b known

				Z known to be normal with mean zero and known variance

		Aim:		Sample Y for given values of X

		a=		10

		b=		50

		std of Z		20

		X		Z		Y

		1		-7.8308403317		52.1691596683

		2		31.1745679937		101.1745679937

		3		3.3245214581		83.3245214581

		4		68.6210114509		158.6210114509

		5		-12.9724639919		87.0275360081

		6		24.1640464083		134.1640464083

		7		9.2340087576		129.2340087576

		8		-5.2719315136		124.7280684864

		9		15.2143456944		155.2143456944

		10		-29.3682205665		120.6317794335

		11		-1.7943648345		158.2056351655

		12		8.4248540588		178.4248540588

		13		5.4815700423		185.4815700423

		14		-13.0475655169		176.9524344831

		15		40.1059878641		240.1059878641

		16		3.9796759665		213.9796759665

		17		-15.6182068167		204.3817931833

		18		3.3641754271		233.3641754271

		19		8.2010501501		248.2010501501

		20		-5.5146529121		244.4853470879

		21		28.4875568468		288.4875568468

		22		-8.2351107267		261.7648892733

		23		25.5564373219		305.5564373219

		24		8.7517037173		298.7517037173

		25		64.4417013973		364.4417013973

		26		35.7582393917		345.7582393917

		27		21.8174591282		341.8174591282

		28		-16.0920535563		313.9079464437

		29		14.8896106111		354.8896106111

		30		-20.8602614293		329.1397385707

		The inverse problem:

		Given		A sample of (X,Y) pairs

		Assumption:		The functional relationship between X and Y is of the form Y=a+bX+Z,

		Aim:		Estimate the parameters a and b
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Sheet2

		Regression

		The direct problem:

		Given		a functional relationship of the form Y=aX+b+Z

				a,b known

				Z known to be normal with mean zero and known variance

				X known to be uniformly distributed on [0,30]

		Aim:		Sample (X,Y) pairs

		a=		10

		b=		50

		std of Z		20

		X		Z		Y

		28.6730516932		17.7565198101		354.4870367421

		17.1214831817		-15.8383500093		205.3764818076

		27.4353057646		5.8958676163		330.2489252625

		6.0701851236		-5.7117631513		104.9900880847

		24.0337209081		-32.8142959916		257.5229130896

		14.0258365383		17.0247858478		207.2831512306

		10.4639616962		14.3578063216		168.9974232832

		12.1535054483		21.9596586248		193.4947131078

		15.4064007368		13.7034021463		217.7674095148

		5.1465561413		-40.1847501053		61.2808113082

		23.5679903971		4.334242476		290.0141464475

		5.6872526728		-38.1347490475		68.7377776802

		27.5846037488		-0.4458343028		325.4002031847

		11.357014544		-23.567736207		140.0024092331

		2.0507061623		2.2187805371		72.7258421598

		14.4564350746		14.5336116475		209.0979623935

		28.143401982		-3.8833377403		327.5506820799

		21.4624879851		-9.6639951153		254.9608847358

		20.7152197063		9.5642917586		266.716488822

		10.0540482596		3.6086021282		154.149084724

		24.5628072642		-13.135354493		282.4927181491

		2.9361420602		-4.7380581236		74.6233624784

		3.9866645911		-9.7797510534		80.0868948573

		16.2055240666		-7.1840304372		204.871210229

		1.3139891507		-6.765640137		56.3742513699

		5.0497924108		-7.9751544035		92.5227697049

		24.2662070142		-20.0021077035		272.6599624381

		3.4581790026		-10.2666263047		74.3151637211

		12.5551620594		-7.5511479736		168.0004726205

		25.3289955248		-28.0796484731		275.2103067748

		The inverse problem:

		Given		A sample of (X,Y) pairs

		Assumption:		The functional relationship between X and Y is of the form Y=a+bX+Z,

		Aim:		Estimate the parameters a and b
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Sheet3

				Regression

				The direct problem:

				Given		a functional relationship of the form Y=aX+b+Z

						a,b known

						Z known to be normal with mean zero and known variance

						X known to be uniformly distributed on [0,30]

				Aim:		Sample (X,Y) pairs

				a=		10

				b=		50

				std of Z		20

				X		Z		Y		X-Mean		(X-Mean)^2		(X-Mean)* Y

				9.1524856882		-11.0530436359		130.4718132462		-6.815934685		46.4569656308		-889.2873573257

				19.6846362566		23.9075234276		270.7538859932		3.7162158833		13.8102604913		1006.1798915946

				12.9017539002		-12.3061226986		166.7114163035		-3.066666473		9.4044432569		-511.2483110508

				24.464864043		16.1706338986		310.8192743285		8.4964436697		72.1895550329		2640.8584557986

				5.769576186		14.836768969		122.5325308291		-10.1988441872		104.0164227557		-1249.6901897945

				29.3475328401		-11.0343080451		332.4410203563		13.3791124669		179.0006504015		4447.7657999532

				18.4598330176		27.5877937383		262.1861239142		2.4914126443		6.2071369643		653.2138242866

				10.3598756793		-7.5326624938		146.0660942991		-5.608544694		31.4557735842		-819.2182181498

				20.678856308		-15.6952864927		241.0932765872		4.7104359347		22.1882066952		1135.6544336585

				23.3876107519		-2.4003611543		281.4757463647		7.4191903786		55.0443858745		2088.3221492499

				16.065004391		5.3210669648		215.9711108744		0.0965840177		0.0093284725		20.8593575959
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				21.7957703347		-7.4394847616		260.5182185854		5.8273499614		33.9580075731		1518.1308310287
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				16.1766383986		-7.1007434599		204.6656405259		0.2082180253		0.0433547461		42.6150755212

				27.1055224203		-7.482503861		313.5727203416		11.137102047		124.0350420053		3492.2913856009

				19.6754993624		-6.4196910898		240.335302534		3.7070789891		13.7424346316		890.9419503684
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				3.426675223		15.1610038301		99.4277560604		-12.5417451502		157.2953714133		-1246.9975773689

				29.7171753636		-14.006445781		333.1653078551		13.7487549904		189.0282637848		4580.6081889856

				18.7190560107		2.5165036277		239.7070637348		2.7506356375		7.56599641		659.3467920592

				6.1888912169		-5.0750259106		106.8138862587		-9.7795291563		95.6391905194		-1044.5895149672
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				16.0055168606		-18.0120423465		192.0431262591		0.0370964873		0.0013761494		7.1241253961

		Mean		15.9684203733				208.3189104556

				The inverse problem:

				Given		A sample of (X,Y) pairs

				Assumption:		The functional relationship between X and Y is of the form Y=a+bX+Z,

				Aim:		Estimate the parameters a and b

				p1		9.7446678989

				p0		52.7119570489
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		Regression

		The direct problem:

		Given		a functional relationship of the form Y=aX^3+bX^2+CX+d+Z

				a,b,c,d known

				Z known to be normal with mean zero and known variance

				X known to be uniformly distributed on [0,30]

		Aim:		Sample (X,Y) pairs

		a=		-0.5

		b=		-1

		c=		-1

		d=		15000

		std of Z		1000

		X		Z		Y

		1		176.0486156854		15173.5486156854

		2		716.3384907471		15706.3384907471

		3		535.6469046092		15510.1469046092

		4		-830.0753506774		14117.9246493226

		5		-487.9007065028		14419.5992934972

		6		-463.5307959688		14386.4692040312

		7		212.972963709		14985.472963709

		8		1155.6767276488		15827.6767276488

		9		-467.2642717196		14078.2357282804

		10		-99.7397364699		14290.2602635301

		11		189.5796231111		14392.0796231111

		12		-1536.668605695		12443.331394305

		13		1650.4645827808		15369.9645827808

		14		914.6447155217		14332.6447155217

		15		189.7956281027		13262.2956281027

		16		1232.7336662565		13912.7336662565

		17		-482.8291366721		11754.6708633279

		18		2073.5660655191		13815.5660655191

		19		-1937.3510440346		9253.1489559654

		20		-2424.1307983175		8155.8692016825

		21		152.919028551		10060.419028551

		22		56.6717517358		9226.6717517359

		23		339.2392500245		8703.7392500245

		24		820.2778190025		8308.2778190025

		25		849.5862857671		7387.0862857672

		26		988.0795914796		6498.0795914796

		27		149.673269334		4552.173269334

		28		1639.2914403696		4851.2914403696

		29		7.16681825		1942.66681825

		30		800.6986718101		1370.6986718101

		The inverse problem:

		Given		A sample of (X,Y) pairs

		Assumption:		The functional relationship between X and Y is of the form Y=p(X)+Z, where p is a polynomial of degree 3

		Aim:		Estimate the parameters a and b
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Direct Problem

		Regression

		The direct problem:

		Given		a functional relationship of the form Y=a+bx+Z

				a,b known

				Z known to be normal with mean zero and known variance

		Aim:		Sample Y for given values of X

		Model Parameters:

		a=		500

		b=		-10

		Stdev of Z		50

		x		Z		Y

		10		36.0460035154		436.0460035154

		11		72.7793576516		462.7793576516

		12		26.0283741227		406.0283741227

		13		43.4293951912		413.4293951912

		14		-24.7389948527		335.2610051473

		15		-8.7264879767		341.2735120233

		16		-17.8853269972		322.1146730028

		17		4.9042228056		334.9042228056

		18		-13.7162601277		306.2837398723

		19		-36.4835841538		273.5164158462

		20		-0.5347828846		299.4652171154

		21		42.6701944889		332.6701944889

		22		-34.1382246916		245.8617753084

		23		27.6154423773		297.6154423773

		24		0.2472120286		260.2472120286

		25		-69.3478341418		180.6521658582

		26		22.7857981372		262.7857981372

		27		-27.7384515357		202.2615484643

		28		19.0271975953		239.0271975953

		29		-4.116884611		205.883115389

		30		-3.2115963222		196.7884036778

		31		-38.1106701752		151.8893298248

		32		87.6407284522		267.6407284522

		33		-47.6500190416		122.3499809584

		34		23.0162413573		183.0162413573

		35		6.054278856		156.054278856

		36		92.6572738535		232.6572738535

		37		15.2568873091		145.2568873091

		38		82.2074071039		202.2074071039

		39		-7.0542682806		102.9457317194
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X as control variable
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X as random variable

		Regression

		The direct problem:

		Given		a functional relationship of the form Y=aX+b+Z

				a,b known

				Z known to be normal with mean zero and known variance

		Aim:		Sample Y for given values of X

		a=		10

		b=		50

		std of Z		20

		X		Z		Y

		1		-2.4643668439		57.5356331561

		2		3.3996229831		73.3996229831

		3		0.3694140105		80.3694140105

		4		-28.5576788883		61.4423211117

		5		-24.21438694		75.78561306

		6		72.8527083993		182.8527083993

		7		24.3137037614		144.3137037614

		8		13.1097749545		143.1097749545

		9		-11.5523562272		128.4476437728

		10		-5.881429388		144.118570612

		11		29.490365705		189.490365705

		12		-31.1853909807		138.8146090193

		13		-14.7110313264		165.2889686736

		14		23.2920683629		213.2920683629

		15		-19.4847871171		180.5152128829

		16		-6.5243511926		203.4756488074

		17		25.7374267676		245.7374267676

		18		-13.4872152557		216.5127847443

		19		21.9381490751		261.9381490751

		20		-16.3620370586		233.6379629414

		21		11.2626366899		271.2626366899

		22		16.6680138136		286.6680138136

		23		-8.7152784545		271.2847215455

		24		27.4136709777		317.4136709777

		25		-25.6372004515		274.3627995485

		26		15.3373548528		325.3373548528

		27		-29.3282937491		290.6717062509

		28		-22.1812570089		307.8187429911

		29		-10.6983179649		329.3016820351

		30		10.7203049993		360.7203049993

		The inverse problem:

		Given		A sample of (X,Y) pairs

		Assumption:		The functional relationship between X and Y is of the form Y=a+bX+Z,

		Aim:		Estimate the parameters a and b
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Distribution of p1
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Sheet2

		Regression

		The direct problem:

		Given		a functional relationship of the form Y=aX+b+Z

				a,b known

				Z known to be normal with mean zero and known variance

				X known to be uniformly distributed on [0,30]

		Aim:		Sample (X,Y) pairs

		a=		10

		b=		50

		std of Z		20

		X		Z		Y

		4.7820904672		10.9710072138		108.7919118854

		25.4179063266		-17.8102709469		286.3687923189

		22.7597571205		55.2900019102		332.8875731152

		6.5502610556		2.4351493266		117.9377598824

		17.5069031069		-5.6990302255		219.3700008432

		5.861100297		31.1280928145		139.7390957844

		25.7649415911		16.4337507158		324.0831666266

		22.3190960145		12.8294686874		286.0204288323

		23.4860323973		13.8358245749		298.696148548

		19.3258286462		20.1732291316		263.4315155937

		16.5564842994		-13.3388766699		202.2259663239

		2.0734864101		-58.7227987126		12.0120653882

		15.8515675564		-0.6939899322		207.8216856322

		23.4817438303		-7.6237483881		277.193689915

		18.2869095923		12.6190116134		245.4881075369

		3.3782876031		-20.7219272852		63.0609487461

		4.0210552784		3.5677203414		93.7782731249

		28.1851643986		-26.2535650108		305.5980789755

		21.7831035132		-12.0564209283		255.7746142041

		12.7798705808		27.4389094557		205.2376152639

		0.8502346287		2.5032932172		61.0056395037

		24.876223615		21.4036390389		320.1658751885

		29.6492354429		-5.9677859099		340.5245685193

		22.1730526466		29.4655364996		301.1960629661

		12.5834505719		5.7740635384		181.6085692573

		10.0955160216		-21.0090547625		129.9461054532

		14.8426914397		-15.8696821018		182.5572322954

		12.908109657		25.1992332778		204.2803298475

		11.4801597245		-3.3774313124		161.4241659324

		6.0461941356		1.6938429326		112.1557842891

		The inverse problem:

		Given		A sample of (X,Y) pairs

		Assumption:		The functional relationship between X and Y is of the form Y=a+bX+Z,

		Aim:		Estimate the parameters a and b
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				Regression

				The direct problem:

				Given		a functional relationship of the form Y=aX+b+Z

						a,b known

						Z known to be normal with mean zero and known variance

						X known to be uniformly distributed on [0,30]

				Aim:		Sample (X,Y) pairs

				a=		10

				b=		50

				std of Z		20

				X		Z		Y		X-Mean		(X-Mean)^2		(X-Mean)* Y

				13.3516685227		17.7154106495		201.2320958768		-1.9448300137		3.7823637822		-391.3622197829

				27.3706355624		22.3203187488		346.026674373		12.074137026		145.7847849223		4177.973481026

				3.0763716742		16.7957750818		97.5594918236		-12.2201268623		149.3315005297		-1192.1893667019

				9.386022087		36.6653694073		180.5255902771		-5.9104764495		34.9337318595		-1066.992249856

				26.4627262573		-6.2899289333		308.3373336397		11.1662277209		124.6846415141		3442.9648822628

				6.7743828653		1.376201908		119.1200305614		-8.5221156711		72.6264555115		-1015.1546791884

				27.5539304984		-26.1631157628		299.3761892216		12.257431962		150.244638303		3669.5832704261

				13.4912351119		-14.3402758113		170.5720753082		-1.8052634245		3.2589760318		-307.9275287929

				23.7598444169		8.887786862		296.4862310308		8.4633458804		71.628223492		2509.2655220015

				11.7718281189		-17.9568814929		149.761399696		-3.5246704175		12.4233015523		-527.859575199

				27.4637655815		0.2221213435		324.8597771586		12.1672670451		148.0423873461		3952.6556608919

				27.9815859816		-15.2361735672		314.5796862486		12.6850874451		160.911443491		3990.4708285297

				13.4957351		-20.6567619898		164.3005890103		-1.8007634364		3.242748954		-295.8664932727

				7.9542271918		5.634910849		135.1771827666		-7.3422713447		53.9089484989		-992.5075554815

				4.8050602363		-19.8797806661		78.170821697		-10.4914383001		110.0702776053		-820.1243527042

				6.8363908184		9.9292719824		128.2931801665		-8.460107718		71.5734226006		-1085.3741236966

				6.5340375655		18.5938006325		133.9341762875		-8.7624609709		76.7807222672		-1173.5929923937

				7.1227407417		-25.3125563177		95.9148510995		-8.1737577947		66.8103164867		-783.9847618038

				28.7766343805		-35.4268195224		302.3395242824		13.480135844		181.7140623738		4075.5778583494

				21.666060655		24.1573161475		290.8179226979		6.3695621186		40.5713215828		1852.3828238285

				28.7215031583		-34.4561158272		302.7589157561		13.4250046219		180.230749098		4064.5398433471

				20.2223279833		-14.9101197167		237.3131601162		4.9258294469		24.2637957395		1168.9641522254

				9.8229338332		-14.6055072037		133.6238311281		-5.4735647033		29.9599105608		-731.3986855768

				27.3729856143		9.5050154414		333.2348715841		12.0764870778		145.8415401413		4024.3066205718

				6.4315277906		37.1395799448		151.4548578505		-8.8649707459		78.587706325		-1342.6428841633

				20.3742412034		-10.1113982964		243.6310137376		5.077742667		25.783470592		1237.0955934533

				1.7626686525		-23.0532350542		44.5734514709		-13.5338298839		183.1645513269		-603.249509546

				7.5086463196		-19.0671926248		106.0192705714		-7.7878522168		60.650642151		-825.6624113447

				8.7553149489		15.9149749379		153.468124427		-6.5411835875		42.7870827257		-1003.8631767102

				12.2879232216		-1.6552803572		171.2239518584		-3.0085753149		9.0515254253		-515.1401548762

		Mean		15.2964985364				200.4895423908

				The inverse problem:

				Given		A sample of (X,Y) pairs

				Assumption:		The functional relationship between X and Y is of the form Y=a+bX+Z,

				Aim:		Estimate the parameters a and b

				p1		9.5388842078

				p0		54.5780140672
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		Regression

		The direct problem:

		Given		a functional relationship of the form Y=aX^3+bX^2+CX+d+Z

				a,b,c,d known

				Z known to be normal with mean zero and known variance

				X known to be uniformly distributed on [0,30]

		Aim:		Sample (X,Y) pairs

		a=		-0.5

		b=		-1

		c=		-1

		d=		15000

		std of Z		1000

		X		Z		Y

		1		1027.6812645316		16025.1812645316

		2		-1117.3324310221		13872.6675689779

		3		1079.9749361467		16054.4749361468

		4		47.5847627968		14995.5847627968

		5		-1429.2027117335		13478.2972882665

		6		-662.3201898037		14187.6798101963

		7		243.0908807582		15015.5908807582

		8		1020.4166756012		15692.4166756012

		9		-1412.1133062872		13133.3866937128

		10		413.706402469		14803.706402469

		11		114.1256689152		14316.6256689152

		12		1211.2627700844		15191.2627700844

		13		-137.0619884256		13582.4380115744

		14		-311.2563717877		13106.7436282123

		15		288.3086835936		13360.8086835936

		16		1040.9280548629		13720.9280548629

		17		-442.1758603712		11795.3241396288

		18		-1303.9311852481		10438.0688147519

		19		-553.8549885387		10636.6450114613

		20		581.1716619064		11161.1716619064

		21		877.3531590123		10784.8531590123

		22		756.8860382889		9926.8860382889

		23		910.4587661568		9274.9587661568

		24		714.0602065192		8202.0602065192

		25		811.3033800328		7348.8033800328

		26		243.0726908642		5753.0726908642

		27		761.8359632033		5164.3359632033

		28		-374.5572030311		2837.4427969688

		29		817.4697541108		2752.9697541108

		30		1511.6984286578		2081.6984286578

		The inverse problem:

		Given		A sample of (X,Y) pairs

		Assumption:		The functional relationship between X and Y is of the form Y=p(X)+Z, where p is a polynomial of degree 3

		Aim:		Estimate the parameters a and b
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Direct Problem

		Regression

		The direct problem:

		Given		a functional relationship of the form Y=a+bx+Z

				a,b known

				Z known to be normal with mean zero and known standard deviation

		Aim:		Sample Y for given values of X

		a=		200

		b=		-5

		Stdev of Z		15

		X		Z		Y

		1		-12.13336418		182.86663582

		2		-6.1057335188		183.8942664812

		3		15.8213538271		200.821353827

		4		4.5529532144		184.5529532144

		5		22.6651081903		197.6651081903

		6		32.8313035425		202.8313035425

		7		7.7392087405		172.7392087405

		8		32.0662365993		192.0662365993

		9		-2.4349674277		152.5650325723

		10		-0.7723826911		149.2276173089

		11		-24.2017222263		120.7982777737

		12		19.3122787095		159.3122787095

		13		-7.8809534898		127.1190465102

		14		-18.4348664334		111.5651335666

		15		31.3609234581		156.3609234581

		16		8.7132605131		128.7132605131

		17		15.9417481882		130.9417481882

		18		2.8965246202		112.8965246202

		19		4.1185955979		109.1185955979

		20		-17.189142909		82.810857091

		21		10.9139023152		105.9139023152

		22		7.1916701927		97.1916701927

		23		5.050458185		90.050458185

		24		-4.3773582092		75.6226417908

		25		-5.1073982377		69.8926017623

		26		35.5516021955		105.5516021955

		27		18.1977270586		83.1977270586

		28		-24.3115437115		35.6884562885

		29		-15.9836986313		39.0163013687

		30		4.8839183364		54.8839183364

		Linear Model
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X as control variable
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X as random variable

		Regression

		The direct problem:

		Given		a functional relationship of the form Y=aX+b+Z

				a,b known

				Z known to be normal with mean zero and known variance

		Aim:		Sample Y for given values of X

		a=		10

		b=		50

		std of Z		20

		X		Z		Y

		1		-14.5850663102		45.4149336898

		2		7.0583382694		77.0583382694

		3		-12.3244490169		67.6755509831

		4		18.3299107448		108.3299107448

		5		-8.1950020103		91.8049979897

		6		-23.2461388805		86.7538611195

		7		19.0342689166		139.0342689166

		8		1.939588401		131.939588401

		9		-27.2701981885		112.7298018115

		10		-6.9249153967		143.0750846033

		11		13.0645730678		173.0645730678

		12		-21.9775301957		148.0224698043

		13		47.663343139		227.663343139

		14		29.2619915854		219.2619915854

		15		20.5867763725		220.5867763725

		16		13.9837538882		223.9837538882

		17		-5.325409802		214.674590198

		18		8.1602365753		238.1602365754

		19		-35.492121242		204.507878758

		20		-15.0454752657		234.9545247343

		21		-16.8816313817		243.1183686183

		22		7.8900029621		277.8900029621

		23		-17.4082742888		262.5917257112

		24		-16.2845026352		273.7154973648

		25		5.081051313		305.081051313

		26		-0.7061771612		309.2938228388

		27		-5.1689312386		314.8310687614

		28		-11.9165179058		318.0834820942

		29		-9.0620687843		330.9379312157

		30		-6.786922313		343.213077687

		The inverse problem:

		Given		A sample of (X,Y) pairs

		Assumption:		The functional relationship between X and Y is of the form Y=a+bX+Z,

		Aim:		Estimate the parameters a and b





X as random variable
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Distribution of p1
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Sheet2

		Regression

		The direct problem:

		Given		a functional relationship of the form Y=aX+b+Z

				a,b known

				Z known to be normal with mean zero and known variance

				X known to be uniformly distributed on [0,30]

		Aim:		Sample (X,Y) pairs

		a=		10

		b=		50

		std of Z		20

		X		Z		Y

		22.4833235356		0.1006810635		274.9339164195

		13.0857459052		-33.2223862642		147.6350727878

		0.1783651607		5.1775487009		56.9612003075

		23.4028214751		0.7513563105		284.7795710615

		26.0457188596		11.1549070425		321.6120956387

		22.9360819538		11.6581759357		291.018995474

		16.6041269235		20.6439835893		236.685252824

		10.4063037665		24.3510839937		178.4141216588

		7.1601247444		-17.011871023		104.5893764206

		25.0214542848		-4.9939217206		295.2206211278

		14.1751412339		9.3574726634		201.1088850025

		3.0881198425		-19.985873223		60.8953252015

		1.2715481627		-1.3138787835		61.4016028436

		15.137416256		10.3060301626		211.6801927231

		22.9763665141		26.5519702225		306.3156353633

		4.6612786616		-20.0058366318		76.6069499843

		20.1954750494		1.841226549		253.795977043

		27.0931772561		5.8189925767		326.7507651381

		23.1434209748		4.8553374654		286.289547213

		18.3516662377		30.3027263726		263.8193887492

		3.9866351867		-10.3273123386		79.5390395281

		0.0907870851		29.8158738588		80.72374471

		9.2701261604		31.3717464451		174.0730080491

		28.1125408697		-9.3471044238		321.7783042736

		4.1957601423		14.3416855281		106.2992869506

		28.8803203266		8.5517740445		347.3549773105

		9.8487903634		-6.2674416768		142.2204619569

		21.5416115499		-15.6544501806		249.7616653185

		10.0319296128		-8.7604803412		141.5588157869

		25.9373512116		-14.4147634273		294.9587486888

		The inverse problem:

		Given		A sample of (X,Y) pairs

		Assumption:		The functional relationship between X and Y is of the form Y=a+bX+Z,

		Aim:		Estimate the parameters a and b
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Sheet3

				Regression

				The direct problem:

				Given		a functional relationship of the form Y=aX+b+Z

						a,b known

						Z known to be normal with mean zero and known variance

						X known to be uniformly distributed on [0,30]

				Aim:		Sample (X,Y) pairs

				a=		10

				b=		50

				std of Z		20

				X		Z		Y		X-Mean		(X-Mean)^2		(X-Mean)* Y

				24.2702598933		-7.4041508924		285.2984480402		12.8884264078		166.1115352686		3677.0480518193

				2.6349588076		-36.9134795619		39.4361085145		-8.7468746778		76.5078166299		-344.9426989585

				14.5622217477		-26.3451511273		169.2770663495		3.1803882622		10.1148694983		538.3667948773

				11.9195940249		-19.216668079		149.9792721704		0.5377605395		0.2891863978		80.6529343091

				8.6727289526		-12.7842668007		123.9430227251		-2.7091045329		7.3392473702		-335.7746046862

				11.2108533547		20.7381617656		182.8466953123		-0.1709801308		0.0292342051		-31.2631518844

				8.130606208		-20.7530774787		110.5529846016		-3.2512272775		10.5704788097		-359.4328791406

				27.0233791209		3.4521235648		323.6859147738		15.6415456354		244.6579498646		5062.9480074738

				22.9461563534		7.2418515629		286.7034150964		11.5643228679		133.7335633923		3315.5308594958

				0.5413563207		48.3945768792		103.8081400858		-10.8404771648		117.5159451612		-1125.3297721236

				13.0002351743		31.3457348966		211.3480866396		1.6184016888		2.6192240263		342.0461003443

				1.6494567874		-2.4558630685		64.0387048056		-9.7323766981		94.7191561934		-623.2487984254

				5.6549191178		17.8691152541		124.4183064319		-5.7269143677		32.7975481751		-712.5329867112

				13.3004656974		-4.8546780818		178.1499788919		1.9186322119		3.6811495644		341.8042880466

				10.2134237952		30.2789885609		182.4132265131		-1.1684096903		1.3651812043		-213.1333814916

				22.3749028259		8.1274492914		281.8764775503		10.9930693404		120.8475735231		3098.6876631416

				0.2604631555		-22.930544219		29.6740873357		-11.12137033		123.6848780175		-330.0165144655

				14.3484598235		4.1614612201		197.6460594552		2.966626338		8.8008718295		586.3420055869

				12.5637367395		-25.7644387602		149.8729286343		1.181903254		1.3968953017		177.1353020341

				4.7983281737		21.9872163143		119.970498051		-6.5835053118		43.3425421908		-789.8264111804

				0.720803588		-1.8040964278		55.403939452		-10.6610298975		113.6575584755		-590.6630549376

				5.3518475701		14.5363856063		118.0548613072		-6.0299859154		36.36073014		-711.8691509273

				6.8347957976		-7.4028775998		110.9450803759		-4.5470376879		20.6755517353		-504.4714617582

				20.8693379477		29.7855876852		288.4789671626		9.4875044623		90.0127409212		2736.9454882207

				4.1077947561		-7.7018285083		83.3761190527		-7.2740387294		52.9116394367		-606.4811190956

				28.9921096347		-5.2968061937		334.6242901536		17.6102761492		310.1218260525		5892.8261558487

				7.8485326671		-29.8330633086		98.6522633623		-3.5333008184		12.4842146733		-348.5681228745

				16.779133539		-46.8087819172		170.982553473		5.3973000535		29.1308478678		922.8441450127

				4.2102967148		16.3493041327		108.452271281		-7.1715367707		51.430939653		-777.7694513537

				15.6638462757		28.5583610093		235.1968237664		4.2820127902		18.3356335356		1007.1158075873

		Mean		11.3818334855				163.9702197122

				The inverse problem:

				Given		A sample of (X,Y) pairs

				Assumption:		The functional relationship between X and Y is of the form Y=a+bX+Z,

				Aim:		Estimate the parameters a and b

				p1		10.0116288815

				p0		50.019526864
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		Regression

		The direct problem:

		Given		a functional relationship of the form Y=aX^3+bX^2+CX+d+Z

				a,b,c,d known

				Z known to be normal with mean zero and known variance

				X known to be uniformly distributed on [0,30]

		Aim:		Sample (X,Y) pairs

		a=		-0.5

		b=		-1

		c=		-1

		d=		15000

		std of Z		1000

		X		Z		Y

		1		338.845893566		15336.345893566

		2		519.6193342272		15509.6193342272

		3		167.626694747		15142.126694747

		4		-221.8837380497		14726.1162619503

		5		-128.3638084715		14779.1361915285

		6		-999.4778338296		13850.5221661704

		7		273.9841420407		15046.4841420407

		8		1302.1735867369		15974.1735867369

		9		-892.4712346925		13653.0287653075

		10		268.3236743906		14658.3236743906

		11		61.0475581198		14263.5475581198

		12		669.1061571473		14649.1061571473

		13		-1125.4610399192		12594.0389600808

		14		1152.5025911396		14570.5025911396

		15		1503.2492228784		14575.7492228784

		16		-770.2408311161		11909.7591688839

		17		31.0956238536		12268.5956238536

		18		66.4226718072		11808.4226718072

		19		728.3983904927		11918.8983904927

		20		-1273.2311915897		9306.7688084103

		21		612.2229478933		10519.7229478933

		22		318.8847585989		9488.8847585989

		23		-671.8710210407		7692.6289789593

		24		361.1387455749		7849.1387455749

		25		-16.536887415		6520.963112585

		26		1426.2423064792		6936.2423064793

		27		2178.5854187328		6581.0854187328

		28		-1922.9719327996		1289.0280672004

		29		681.0341801611		2616.5341801611

		30		-409.8853878531		160.1146121469

		The inverse problem:

		Given		A sample of (X,Y) pairs

		Assumption:		The functional relationship between X and Y is of the form Y=p(X)+Z, where p is a polynomial of degree 3

		Aim:		Estimate the parameters a and b
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Distribution of b

				Regression

				The direct problem:

				Given		a functional relationship of the form Y=a+bx+Z

						a,b known

						Z is assumed to be normaly distributed on [-v,v]

				Aim:		Sample (X,Y) pairs

				a=		50

				b=		10

				v=		20

				X		Z		Y		X-Mean		(X-Mean)^2		(X-Mean)* Y

				1		-14.3126429229		45.6873570771		-14.5		210.25		-662.4666776184

				2		5.4025315904		75.4025315904		-13.5		182.25		-1017.9341764703

				3		-13.2841707623		66.7158292377		-12.5		156.25		-833.9478654711

				4		-15.387976691		74.612023309		-11.5		132.25		-858.0382680534

				5		3.1339975925		103.1339975925		-10.5		110.25		-1082.9069747215

				6		-12.5565638452		97.4434361548		-9.5		90.25		-925.7126434709

				7		10.4395565985		130.4395565985		-8.5		72.25		-1108.7362310876

				8		15.338434317		145.338434317		-7.5		56.25		-1090.0382573777

				9		7.2165074579		147.2165074579		-6.5		42.25		-956.9072984764

				10		1.7728241494		151.7728241494		-5.5		30.25		-834.7505328215

				11		19.359050982		179.359050982		-4.5		20.25		-807.1157294189

				12		13.6927740761		183.6927740761		-3.5		12.25		-642.9247092663

				13		5.1872811736		185.1872811736		-2.5		6.25		-462.9682029339

				14		-7.2585142975		182.7414857025		-1.5		2.25		-274.1122285537

				15		2.5841641972		202.5841641972		-0.5		0.25		-101.2920820986

				16		-12.4703389481		197.5296610519		0.5		0.25		98.764830526

				17		17.254270777		237.254270777		1.5		2.25		355.8814061655

				18		-17.3536188019		212.6463811981		2.5		6.25		531.6159529951

				19		18.5628260678		258.5628260678		3.5		12.25		904.9698912374

				20		-6.0321078135		243.9678921865		4.5		20.25		1097.8555148394

				21		7.1222438408		267.1222438408		5.5		30.25		1469.1723411244

				22		-3.9901594924		266.0098405076		6.5		42.25		1729.0639632994

				23		-18.90329492		261.09670508		7.5		56.25		1958.2252881003

				24		-0.8063289315		289.1936710685		8.5		72.25		2458.1462040822

				25		9.496643657		309.496643657		9.5		90.25		2940.2181147418

				26		-5.0095643137		304.9904356863		10.5		110.25		3202.399574706

				27		9.5219549756		329.5219549756		11.5		132.25		3789.5024822195

				28		3.5728954437		333.5728954437		12.5		156.25		4169.6611930469

				29		17.8592330621		357.8592330621		13.5		182.25		4831.0996463385

				30		3.9809830238		353.9809830238		14.5		210.25		5132.7242538456

		Mean		15.5				206.4710963748

				The inverse problem:

				Given		A sample of (X,Y) pairs

				Assumption:		The functional relationship between X and Y is of the form Y=a+bX+Z,

				Aim:		Estimate the parameters a and b by a least squares fit

				b-est		10.2377970098

				a-est		47.7852427235

				Generate a sample of 500 least squares estimates for the slope b

				Press F9 to generate another sample of 500 estimates. This will take a while. For each slope the computer has to generate 30 normal variables (the errors Z), i.e. 15,000 of them in total.

				Sampling normal variables in the way we do it here takes long since the evaluation of the Norminv(.) worksheet function is computationally expensive

				There are less computationally expensive ways of sampling from a normal distribution on a computer, see the book Numerical Recipes in the library if you are interested

				Sample		Slope

				1		10.2377970098								bin

				2		10.2281085765								8.5		8.6		0		0		0.00%

				3		9.8903569771								8.6		8.7		0		0		0.00%

				4		9.7689919706								8.7		8.8		0		0		0.00%

				5		9.8766650531								8.8		8.9		0		0		0.00%

				6		9.7312729005								8.9		9		0		0		0.00%

				7		10.4140148129								9		9.1		0		0		0.00%

				8		10.2282253714								9.1		9.2		0		0		0.00%

				9		10.0869611946								9.2		9.3		0		0		0.00%

				10		10.2343513741								9.3		9.4		6		6		1.21%

				11		9.7926905818								9.4		9.5		11		5		1.01%

				12		9.7673879671								9.5		9.6		30		19		3.83%

				13		10.0904857688								9.6		9.7		58		28		5.65%

				14		10.1778968658								9.7		9.8		120		62		12.50%

				15		10.0392723636								9.8		9.9		187		67		13.51%

				16		10.1364098796								9.9		10		257		70		14.11%

				17		9.9613813067								10		10.1		334		77		15.52%

				18		10.1169708829								10.1		10.2		403		69		13.91%

				19		10.3875734525								10.2		10.3		450		47		9.48%

				20		10.0315445432								10.3		10.4		482		32		6.45%

				21		10.1138466725								10.4		10.5		490		8		1.61%

				22		10.1321904779								10.5		10.6		496		6		1.21%

				23		10.1392583468								10.6		10.7		499		3		0.60%

				24		9.9425320245								10.7		10.8		500		1		0.20%

				25		10.0218592341								10.8		10.9		500		0		0.00%

				26		10.0620917111								10.9		11		500		0		0.00%

				27		9.9051561705								11		11.1		500		0		0.00%

				28		10.2257074998								11.1		11.2		500		0		0.00%

				29		10.2542113389								11.2		11.3		500		0		0.00%

				30		9.7734753062								11.3		11.4		500		0		0.00%

				31		9.8790296614								11.4		11.5		500		0		0.00%

				32		10.0430794535								11.5

				33		9.6879326726

				34		10.3942176055

				35		9.8197402115

				36		10.0031973413

				37		9.9213387275

				38		10.3404924081

				39		9.9580445391

				40		9.614526736

				41		9.9108857917

				42		9.8434499621

				43		9.7690549121

				44		10.3031114934

				45		9.6362893895

				46		9.7733932069

				47		10.2253350418

				48		9.7258775235

				49		9.9697442556

				50		9.8224410217

				51		10.0675056838

				52		10.1295588475

				53		10.141649167

				54		9.872769992

				55		10.0851968465

				56		9.8976627048

				57		10.0027485095

				58		10.5192965036

				59		10.2198569829

				60		9.9952099849

				61		10.0560689615

				62		10.3352590083

				63		9.8084438803

				64		10.0887988023

				65		9.861980255

				66		9.7218173743

				67		9.7254110261

				68		10.2677242112

				69		9.7674155888

				70		9.8762427378

				71		10.2259981649

				72		9.8291785095

				73		9.7911686501

				74		10.1510150859

				75		10.3504136763

				76		9.7228770865

				77		10.0465889121

				78		10.264534435

				79		10.2691904821

				80		10.2646628462

				81		9.5699336752

				82		9.50601763

				83		9.9055380333

				84		9.717757818

				85		10.1559073565

				86		9.6940323127

				87		9.6616447439

				88		9.5573438184

				89		10.430710784

				90		10.0977729134

				91		9.3984837931

				92		10.2892506573

				93		10.0356137306

				94		10.1776265594

				95		9.8850895457

				96		10.1555135472

				97		9.8182069449

				98		10.3842046634

				99		10.1235884406

				100		10.0907866041

				101		9.6811605483

				102		10.0563008148

				103		9.8978218829

				104		9.7438900363

				105		10.1811294106

				106		10.3632418725

				107		10.1095727482

				108		9.9875023645

				109		9.7194861331

				110		10.4740568491

				111		10.4753717286

				112		10.0359237757

				113		9.8528900648

				114		10.0950866629

				115		10.3804133271

				116		9.6494310105

				117		9.9809965959

				118		9.9518193193

				119		10.1479915869

				120		9.9158447706

				121		10.3530479006

				122		10.2805980646

				123		10.210048032

				124		9.7222056528

				125		9.8397748006

				126		10.2691922227

				127		10.1657015664

				128		10.2424471089

				129		9.8611374049

				130		9.4585013433

				131		9.977938441

				132		9.9329004624

				133		9.8930168601

				134		9.9651940404

				135		10.1047599411

				136		10.1319407183

				137		9.7425959137

				138		9.9642771749

				139		10.0210493988

				140		9.951097689

				141		9.5340831297

				142		9.8475088757

				143		9.9397196962

				144		10.0845571169

				145		9.4146524687

				146		10.236906822

				147		10.3501738985

				148		9.4516936331

				149		9.8081219455

				150		10.1964344012

				151		10.1527218785

				152		10.1146395133

				153		9.9027111367

				154		9.8924690548

				155		10.1898243011

				156		9.7036746305

				157		10.2362741166

				158		10.1068604437

				159		10.1734519681

				160		10.1316371

				161		10.1601287873

				162		10.0462350926

				163		9.3988285179

				164		9.9780798545

				165		9.6397538648

				166		9.9254269565

				167		10.1282630134

				168		10.3515131104

				169		10.1063444083

				170		9.7734227691

				171		10.1564818347

				172		9.7044047614

				173		10.0334620621

				174		10.161946612

				175		9.9873592828

				176		9.8992446669

				177		10.7054638867

				178		10.2862647458

				179		9.8765591282

				180		10.4769853217

				181		10.6862967412

				182		9.6981631541

				183		9.9260968469

				184		10.1595834384

				185		9.9157476492

				186		9.7499584207

				187		9.566932227

				188		10.0570222221

				189		9.6770355337

				190		10.1434589554

				191		10.1694508248

				192		9.6724179679

				193		9.7719464657

				194		10.1237019377

				195		10.1059636008

				196		10.3816984163

				197		9.7992790126

				198		10.0656850804

				199		10.208663809

				200		10.1176210451

				201		10.2814662372

				202		10.3545539143

				203		10.0620058172

				204		9.8960549132

				205		9.8577448867

				206		10.0598519274

				207		9.9370832152

				208		10.1846232255

				209		10.0787459361

				210		9.8018572984

				211		9.8601550555

				212		10.0134891399

				213		10.0314221127

				214		10.1007528026

				215		10.170876763

				216		10.1245681142

				217		9.9622023258

				218		10.0404116243

				219		10.2172434831

				220		9.8915869052

				221		10.4408464084

				222		10.1912583565

				223		10.0782521067

				224		9.9919293897

				225		9.6588529345

				226		9.9129152441

				227		9.4608094758

				228		10.3015459221

				229		9.6591764526

				230		9.8614235286

				231		9.9953199171

				232		9.7451782154

				233		9.5994419664

				234		9.8478636943

				235		9.9394936488

				236		10.1921880609

				237		10.360962544

				238		10.0883579126

				239		9.9872455604

				240		9.7286840928

				241		9.6377471954

				242		9.8011481945

				243		10.1306213026

				244		9.9337080412

				245		10.0273464978

				246		9.7785595667

				247		9.9016256644

				248		10.3538685796

				249		9.8291836221

				250		9.3698675919

				251		9.4211122587

				252		9.8561878149

				253		9.6891559784

				254		10.2244413645

				255		9.7533233976

				256		9.7873995073

				257		10.0485207638

				258		9.6681292164

				259		10.0729303839

				260		10.2891398836

				261		9.7940602907

				262		9.5335826396

				263		9.9839144728

				264		9.9399651855

				265		10.1518679499

				266		9.8301397599

				267		9.7675314377

				268		9.9451907056

				269		9.9817937675

				270		9.7327897456

				271		10.135803104

				272		10.1382385334

				273		9.8856047073

				274		10.0069467601

				275		9.940131627

				276		9.7583889553

				277		10.0023755373

				278		9.9500610354

				279		9.9572786647

				280		9.8952393676

				281		9.9214125046

				282		10.1702176742

				283		10.1254316495

				284		9.6153804645

				285		9.9899251422

				286		9.8596642166

				287		9.7182320369

				288		10.3581374649

				289		9.825082874

				290		9.9304338792

				291		9.639388717

				292		9.7847765423

				293		9.3760985168

				294		9.8336057379

				295		9.9020970619

				296		9.9481026683

				297		10.1866011752

				298		9.9202667317

				299		9.9139663701

				300		9.9718180964

				301		9.3182379747

				302		10.0133037617

				303		10.0742266206

				304		10.0907191539

				305		10.0162794969

				306		9.5294974154

				307		9.7514639518

				308		10.0221289951

				309		9.7051977904

				310		9.6638325421

				311		10.0583292172

				312		9.6048485203

				313		10.2577316148

				314		9.7005068574

				315		10.0361689885

				316		10.0276338874

				317		10.6957356164

				318		9.7106196281

				319		9.8700511027

				320		10.0723910757

				321		9.8133939354

				322		9.9034189689

				323		10.0025831661

				324		10.0222943931

				325		10.3237678204

				326		10.2035074099

				327		9.5961883661

				328		10.1519416117

				329		9.889498831

				330		9.7578717731

				331		9.7249056598

				332		9.6423727763

				333		9.7775694225

				334		9.9203595378

				335		9.9948333209

				336		9.9867825349

				337		10.1744898152

				338		9.9070963704

				339		9.7708428819

				340		10.3174471667

				341		9.8188781784

				342		10.2098893003

				343		10.0825956505

				344		10.1179622484

				345		10.0407932096

				346		9.7941615777

				347		9.877478645

				348		10.2398502595

				349		10.059897376

				350		10.4625189722

				351		9.9570440817

				352		10.3864878864

				353		10.3064902875

				354		9.8258389141

				355		9.7003665628

				356		10.022941177

				357		10.5470437964

				358		10.3406642164

				359		10.0851832029

				360		10.1691912272

				361		10.2290375398

				362		10.0863579699

				363		9.7714313825

				364		10.0016849962

				365		9.5739257084

				366		10.1248564329

				367		10.1748726656

				368		9.5300116852

				369		9.8619502903

				370		9.8996004882

				371		10.162757363

				372		9.9890921788

				373		9.766878377

				374		9.9699940401

				375		9.9159265679

				376		9.9358854019

				377		9.5896301518

				378		10.3114594326

				379		9.8790671326

				380		9.6080642594

				381		10.0357798697

				382		9.6952411316

				383		9.9731318087

				384		10.178812233

				385		9.8102430077

				386		10.2387119633

				387		9.8622451418

				388		9.710951145

				389		10.5244924732

				390		9.8910784588

				391		10.266480857

				392		9.6828610235

				393		10.0004012186

				394		10.2787661101

				395		10.3145722335

				396		9.5805638309

				397		9.8556607525

				398		10.3666179756

				399		10.5499191572

				400		9.8231219679

				401		9.7513315827

				402		10.0166730542

				403		9.8426136743

				404		9.396191518

				405		9.9845507208

				406		10.1838348181

				407		9.9010721263

				408		10.2028338576

				409		9.8912566694

				410		10.0421454382

				411		10.4859172015

				412		10.0840325269

				413		10.2278919521

				414		10.0631322953

				415		10.0691466984

				416		10.2846066529

				417		9.6956243314

				418		10.095478598

				419		9.8673739766

				420		9.8623112133

				421		9.7255494319

				422		9.8668479714

				423		10.3007846437

				424		10.287754905

				425		9.7610765097

				426		9.7529173583

				427		10.1243127759

				428		9.7145414758

				429		10.2361764507

				430		9.8475425574

				431		9.7840645861

				432		9.6580662515

				433		10.064272022

				434		9.9951902427

				435		9.8458427123

				436		9.712588636

				437		10.1179822975

				438		10.1859835569

				439		9.9131031051

				440		10.0723653352

				441		9.5216577707

				442		9.7768286012

				443		9.7142827323

				444		10.1365789457

				445		10.2960852605

				446		9.8207457715

				447		10.386489323

				448		9.8335612698

				449		9.5554124519

				450		10.0515647353

				451		10.397343504

				452		10.0969385917

				453		10.0847166632

				454		10.0702735489

				455		10.1023225265

				456		9.5902000745

				457		10.0850768706

				458		10.2706217791

				459		10.2837438453

				460		9.8306902316

				461		10.0027981074

				462		10.0236139325

				463		10.1599053879

				464		9.9133539728

				465		9.7266879441

				466		9.9283017366

				467		10.0187644705

				468		9.8697510909

				469		10.3573870062

				470		10.2154440158

				471		10.2090991789

				472		10.5001625722

				473		10.1478919024

				474		10.6191561586

				475		10.054334154

				476		9.943976198

				477		9.5942626679

				478		10.1037356587

				479		9.5353120623

				480		10.1098744645

				481		10.3577250649

				482		9.9287447053

				483		10.2318833506

				484		9.7719316907

				485		9.5766817686

				486		9.9335784646

				487		10.3021353092

				488		9.9043402456

				489		9.6647662915

				490		9.7775325861

				491		10.2206594361

				492		9.7803748647

				493		9.8260276663

				494		10.0969043352

				495		9.8612156979

				496		9.7969641086

				497		10.2016629822

				498		10.1756236561

				499		9.6309677826

				500		10.5389422195
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46.3399860311

89.9594168488
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